Chapter 1

Fermat’s ray optics

1.1 Fermat’s principle

Fermat

Fermat’s principle states that the path
between two points taken by a ray of light
is the one traversed in the extremal time.

This principle accurately describes the
properties of light reflected off mirrors,
refracted through different media, or
transmitted through a medium with a
continuously varying index of refraction.
Fermat’s principle of optimal paths is
complementary to Huygens’ principle of
constructive interference of waves.

According to Huygens, among all possible paths from an object
to an image, the waves corresponding to the extremal (stationary)
paths contribute most to the image because of their constructive in-
terference. Both principles are approximations to more fundamental
physical results derived from Maxwell’s equations.

For us, Fermat’s principle provides an example that will guide us
in recognising the principles of geometric mechanics.

Fermat’s principle defines a ray of light. Announced in 1662,
Fermat’s principle for geometric optics preceded Lagrange by a cen-
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tury and Hamilton by more than 150 years. This chapter shows that
Fermat’s principle naturally introduces Hamilton’s principle, phase
space, symplectic transformations and momentum maps arising from
reduction by symmetry.

Mathematically, Fermat’s principle states that the ray path r(s)
from a point A to a point B in space is an extremal of optical length,
defined by

B
5/ n(r(s))ds=0.
A
Here n(r) is the index of refraction at the spatial point (r) and
ds® = dr(s) - dr(s)
yields the element of arc length ds along the ray path r(s) through

that point.

A cool air

mirage

Figure 1.1: Fermat’s principle states that the ray path from an observer at A
to a point B in space is an extremal of optical length. For example, along a sun-
baked road, the temperature of the air is warmest near the road and decreases
with height, so that the index of refraction, n, increases in the vertical direction.
For an observer at A, the curved path has a smaller optical path than the straight
line. Therefore, he sees not only the direct line-of-sight image of the tree top at
B, but it also appears to him that the tree top has a mirror image at C. If there
is no tree, the observer sees a direct image of the sky and also its mirror image,
thereby giving the impression, perhaps sadly, that he is looking at water.

1.1.1 Eikonal equation

Most optical instruments are designed to possess a line of sight (or
primary direction of propagation of light) called the optical awis.
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Choosing coordinates so that the z-axis coincides with the optical
axis expresses the arc-length element ds in terms of the increment
along the optical axis, dz, as

ds = [(dz)? + (dy)® + (d=)*]/?
— 424 = 2 de, (1.1.1)
Y

in which the added notation defines & := dx/dz, ¥y := dy/dz and
v :=dz/ds.

Fermat’s principle can be interpreted as a principle of station-
ary action, with z playing the role of time,

zB
0=105:= 5/ L(z,y,&,9,2)dz. (1.1.2)

ZA

Here, the optical Lagrangian is

]1/2 _ n(x, Y, Z)

L(z,y,&,9,2) = n(z,y,2)[1 + &% + 3 N

with
1
V=1
V1422 +y?

We may think of (z,y,2) = (q, 2) where q = (z,y) is a vector with
components in the plane perpendicular to the optical axis at displace-
ment z. In this formulation, Fermat’s principle implies the etkonal
equation, as follows:!

Theorem 1.1.1 Fermat’s principle
ZB
0=d5=5 [ L(a(:),a=)dz.
ZA

for the optical Lagrangian

L(a, &, 2) = n(q, 2)[1 + ] /2 = % (1.1.3)

'The term eikonal (from the Greek esxova meaning image) was introduced
into optics in [Br1895].
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with p .
z
== <1, (1.1.4)
ds. \/1+]q?

implies the etkonal equation

d

dq on ) d d
L (n(q, z) ) ,with = (1.1.5)

7% Jdq

Proof. Consider a family of C? curves q(z,¢) € R? representing the
possible ray paths from a point A to a point B in space. These paths
satisfy

a(z,0) =a(z), a(za,¢) =a(za) and q(zp,¢) = a(zp),

for a parameter € in some bounded interval. Define the variation
of the optical action (1.1.2) using this parameter as

5s = 5[ " L(a(2), &(2))d=

a
de

/ L(q(z,¢), d(z,€))dz. (1.1.6)
e=0+vz2a

Differentiating with respect to € under the integral sign, denoting
the variational derivative as

oq(z) == — a(z,¢e), (1.1.7)

and integrating by parts produces the following variation of the op-
tical action,

0=05 = 5/L(q,q,z)dz

oL oL .
= /(eaq-éq—i—aq‘éq)dz
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In the second line, one assumes equality of cross derivatives, q.. =
q-» evaluated at € = 0, and thereby exchanges the order of deriva-
tives; so that

d
0q=—4dq.
q dzq

The endpoint terms vanish in the ensuing integration by parts, be-
cause 6q(z4) = 0 = dq(zp). That is, the variation in the ray path
must vanish at the prescribed spatial points A and B at z4 and zp
along the optical axis. Since dq is otherwise arbitrary, the principle
of stationary action is equivalent to the following equation, written
in a standard form later made famous by Euler and Lagrange,

— ————=0 (Euler-Lagrange equations). (1.1.8)

After a short algebraic manipulation using the explicit form of the
optical Lagrangian in (1.1.3), the Euler-Lagrange equation (1.1.8) for
the light rays yields the eikonal equation (1.1.5), in which vy d/dz =
d/ds relates derivatives along the optical axis to derivatives in the
arc-length parameter. ]

Exercise. Check that the eikonal equation (1.1.5) fol-

lows from the Euler-Lagrange equations (1.1.8) with La-

grangian (1.1.3). *
1.1.2 Huygens wave fronts

We may write the three-dimensional version of the Euler-Lagrange
eikonal equation (1.1.5) for the ray path r € R? as




6 CHAPTER 1. FERMAT’S RAY OPTICS
This is the 3D etkonal equation for the vector function r(s) defin-
ing the ray path.

Exercise. Verify that the three-dimensional Eikonal equa-
tion (1.1.9) follows from Fermat’s principle in the form

B
Ozé/nrs

A

B dr dr
_5Anmmu®dﬁ& (1.1.10)

with ds? = dr(s) - dr(s) for the arclength parameter s.
*

Answer. As in the calculation leading to the Euler-Lagrange equa-
tion in (1.1.8), one finds

0:5/ )) VI -1ds

::A[mg—i@m»@ﬂam5

where one denotes I := dr/ds. The 3D eikonal equation (1.1.9)
emerges, upon choosing the arclength variable ds? = dr - dr, so that
|| = 1. (This means that d|i|/ds = 0.) A

Exercise. Verify that the same three-dimensional Eikonal
equation (1.1.9) also follows from Fermat’s principle in

the form
dr dr
=405=9 dr 1.1.11
0=03S = / )T (1.1.11)
with d7 = nds for the arclength parameter s. *
Answer. Denoting r'(7) = dr/dr one computes as in deriving
(1.1.8),

nds On d (nds dr
0=05= / [dT or ds(dT ds)} ordr,
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which agrees with the previous calculation upon reparameterising
dr = nds. A

Remark 1.1.2 The ray path r(s) in 3D is the orthogonal trajectory
to the Huygens wave front defined by a level set of Hamilton’s

characteristic function S(r) = constant. The geometric relation-
ship between wave fronts and ray paths is illustrated in Figure 1.2.

ray

S, r +dr

g ray

VS(r)

Figure 1.2: Huygens wave front and one of its corresponding ray paths. The
wave fronts and ray paths form mutually orthogonal families of curves. The
gradient V.S(r) is normal to the wave front and tangent to the ray through it at
the point r.

Remark 1.1.3 As Newton discovered in his famous prism ez-
periment, the propagation of a Huygens wave front S(r,w) =
constant depends on the light frequency, w, through the frequency
dependence n(r,w) of the index of refraction of the medium.
Having noted this possibility, in what follows, we shall treat
monochromatic light of fixed frequency w and ignore effects of
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frequency dispersion. We will also ignore finite-wavelength ef-
fects such as interference and diffraction of light. These effects
were discovered in a sequence of pioneering scientific investiga-
tions during the 350 years after Fermat. In his time, Fermat
discovered the geometric foundations of ray optics. This is our
focus.

Ray vector Fermat’s ray optics is complementary to Huygens’
wavelets. According to the Huygens wavelet assumption, a level set
of the wave front, S(r), moves along the ray vector, n(r), so that
its incremental change over a distance dr along the ray is given by

dS(r) =n(r) -dr =n(r)ds. (1.1.12)

Theorem 1.1.4 (Huygens-Fermat complementarity)
Fermat’s eikonal equation (1.1.9) follows from the Huygens wavelet
equation (1.1.12)

dr
ds
by differentiating along the ray path.

VS(r) =n(r) (Huygens equation) (1.1.13)

Corollary 1.1.5 The wave front level sets S(r) = constant and the
ray paths r(s) are mutually orthogonal.

Proof. The corollary follows once equation (1.1.13) is proved, be-

cause VS(r) is along the ray vector and is perpendicular to the level
set of S(r). ]

Proof. Theorem 1.1.4 is proved by applying the operation

d dr 1

—=—-V=-VS§-V

ds ds n

to Huygens equation (1.1.13). This yields the eikonal equation (1.1.9),
by the following reasoning;:

d dry 1 1 9 i 9
s (nds> = nVS V(VS) = QnV\VS\ = QnVn =Vn.
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In this chain of equations, the first step substitutes
d/ds =n"'VS V.

The second step exchanges order of derivatives. The third step uses
the modulus of the Huygens equation (1.1.13) and invokes the prop-
erty |dr/ds|* = 1. [

Corollary 1.1.6 The modulus of the Huygens equation (1.1.13)
yields

IVS|?(r) = n(r) (scalar eikonal equation) (1.1.14)

which follows because dr/ds = § in equation (1.1.9) is a unit
vector.

This corollary arises as an algebraic result in the present consider-
ations. However, it also follows at a more fundamental level from
Maxwell’s equations for electrodynamics in the slowly varying am-
plitude approximation of geometric optics, cf. [BoWo1965], Chapter
3. See Keller [Ke1962] for the modern extension of geometric optics
to include diffraction. The scalar eikonal equation (1.1.14) is also
known as the Hamilton-Jacobi equation.

Theorem 1.1.7 (Ibn Sahl-Snell law of refraction)
The gradient in Huygens equation (1.1.13) defines the ray vector,

n=VS=n(r)s (1.1.15)

of magnitude |n| = n. Integration of this gradient around a closed
path vanishes, thereby yielding

jéjVS(r) dr = ﬁn(r) -dr=0. (1.1.16)

Let’s consider the case in which the closed path P surrounds a bound-
ary separating two different media. If we let the sides of the loop
perpendicular to the interface shrink to zero, then only the parts of
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the line integral tangential to the interface path will contribute. Since
these contributions must sum to zero, the tangential components of
the ray vectors must be preserved. That is,

(n—n')x2=0, (1.1.17)

where the primes refer to the side of the boundary into which the ray
1s transmitted, whose normal vector is Z. Now imagine a ray piercing
the boundary and passing through the region enclosed by the integra-
tion loop. If 6 and €' are the angles of incidence and transmission,
measured from the normal z through the boundary, then preservation
of the tangential components of the ray vector means that

nsinf = n'sind’ . (1.1.18)

This is the Ibn Sahl-Snell law of refraction, credited to Ibn Sahl
(984) and Willebrord Snellius (1621). A similar analysis may be ap-
plied in the case of a reflected ray to show that the angle of incidence
must equal the angle of reflection.

N4

D H L

Figure 1.3: Ray tracing version (left) and Huygens version (right) of the Ibn
Sahl-Snell law of refraction that nsin ® = n’ sin #’. This law is implied in ray optics
by preservation of the components of the ray vector tangential to the interface.
According to Huygens principle the law of refraction is implied by slower wave
propagation in media of higher refractive index below the horizontal interface.
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1.1.3 The eikonal equation for mirages

Air adjacent to a hot surface rises in temperature and becomes less
dense. Thus over a flat hot surface, such as a desert expanse or a
sun-baked roadway, air density locally increases with height and the
average refractive index may be approximated by a linear variation
of the form

n(x) =no(l + kz),

where x is the vertical height above the planar surface, ng is the
refractive index at ground level, and x is a positive constant. We
may use the eikonal equation (1.1.5) to find an equation for the
approximate ray trajectory. This will be an equation for the ray
height x as a function of ground distance z of a light ray launched
from a height zy at an angle 6y with respect to the horizontal surface
of the earth.
In this geometry, the eikonal equation (1.1.5) implies

1 d <(1 + k) >
— T =K
V14 @2 dz \ V1 + @2
For nearly horizontal rays, 2 < 1, and if the variation in refractive

index is also small then kx < 1. In this case, the eikonal equation
simplifies considerably to

d2
d—i ~k for kr<1l and i?<1. (1.1.19)
z

Thus, the ray trajectory is given approximately by
r(z) = z(2)X+z22
K o - .
= (52 + tan gz —I—xo>x—|—zz.

The resulting parabolic divergence of rays above the hot surface is
shown in Figure 1.4.

Exercise. Explain how the ray pattern would differ from
the rays shown in Figure 1.4 if the refractive index were
decreasing with height x above the surface, rather than
increasing. *
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Distance above hot planar surface

Y

Distance along hot planar surface

Figure 1.4: Ray trajectories are diverted in a spatially varying medium whose
refractive index increases with height above a hot planar surface.

1.2 Hamiltonian formulation of ray optics

Definition 1.2.1 (Optical momentum)
The optical momentum (denoted as p) associated to the ray path
position q in an image plane, or image screen, at a fired value
of z along the optical axis is defined to be
oL dq
= — with §:= —. 1.2.1
p aq? q dZ ( )
Remark 1.2.2 For the optical Lagrangian (1.1.3), this momentum
is found to be
oL . - : 2 2 2
P=a =4, which satisfies |p|=n*(1—~%). (1.2.2)
q

Figure 1.5 illustrates the geometrical interpretation of this momen-
tum for optical rays as the projection along the optical axis of the ray
onto an image plane.
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\

Object Image
Plane Plane

Figure 1.5: Geometrically, the momentum p associated to the coordinate q by
equation (1.2.1) on the image plane at z turns out to be the projection onto the
plane of the ray vector n(q,z) = VS = n(q, z)dr/ds passing through the point
q(z). That is, |p| = n(q, z)sind, where cosf = dz/ds is the direction cosine of the
ray with respect to the optical z-axis.

From the definition of optical momentum (1.2.2), the correspond-
ing wvelocity q = dq/dz is found as a function of position and mo-

mentum (q, p) as
P

q= :
vn*(a,z) - [p|?
A Lagrangian admitting such an invertible relation between ¢ and

p is said to be mon-degenerate (or hyperregular [MaRal994)).
Moreover, the velocity is real-valued, provided

(1.2.3)

n? —|p|* > 0. (1.2.4)

The latter condition is explained geometrically, as follows.

1.2.1 Geometry, phase space and the ray path

Huygens’ equation (1.1.13) summons the following geometric picture
of the ray path, as shown in Figure 1.5. Along the optical axis (the
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z-axis) each image plane normal to the axis is pierced at a point
q = (z,y) by the ray vector, defined as

dr
l’l(q7 Z) =VS§= n(q7 Z)% .
The ray vector is tangent to the ray path and has magnitude n(q, z).
This vector makes an angle 0(z) with respect to the z-axis at the
point q. Its direction cosine with respect to the z-axis is given by

dr d
cosf =7 o - v. (1.2.5)

This definition of cos @ leads by (1.2.2) to

|p| =nsinfd and +/n?—|p|? =ncosf. (1.2.6)

Thus, the projection of the ray vector n(q, z) onto the image plane is
the momentum p(z) of the ray. In three-dimensional vector notation,
this is expressed as

p(2) = n(q,z) — z(z “n(q, z)) . (1.2.7)

The coordinates (q(z),p(z)) determine each ray’s position and
orientation completely as a function of propagation distance z along
the optical axis.

Definition 1.2.3 (Optical phase space, or cotangent bundle)

The coordinates (q,p) € R? x R? comprise the phase space of
the ray trajectory. Position on an image plane is denoted q € R2.
Phase space coordinates are denoted (q,p) € T*R?. The notation
T*R? ~ R? x R? for phase space designates the cotangent bundle
of R?. The space T*R? consists of the union of all the position vec-
tors q € R? and all the possible canonical momentum vectors p € R?
at each position q.

Remark 1.2.4 The phase space T*R? for ray optics is restricted to
the disc,

Ip| < n(q,z),
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Image
Plane

Figure 1.6: The canonical momentum p associated to the coordinate q by
equation (1.2.1) on the image plane at z has magnitude |p| = n(q, z)sind, where
cosf = dz/ds is the direction cosine of the ray with respect to the optical z-axis.

50 that cos in (1.2.6) remains real. When n® = |p|?, the ray tra-
jectory is tangent to the image screen and is said to have grazing
incidence to the screen at a certain value of z. Rays of grazing inci-
dence are eliminated by restricting the momentum in the phase space
for ray optics to lie in a disc |p|?> < n?(q, z). This restriction implies
that the velocity will remain real, finite and of a single sign, which
we may choose to be positive (q > 0) in the direction of propagation.

1.2.2 Legendre transformation

The passage from the description of the eikonal equation for ray op-
tics in variables (q, q, z) to its phase space description in variables
(q, p, ) is accomplished by applying the Legendre transformation
from the Lagrangian L to the Hamiltonian H, defined as,
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For the Lagrangian (1.1.3) the Legendre transformation (1.2.8) leads
to the following optical Hamiltonian,
R 1/2

H(q,p) = ny|4* — n/y = —ny = - [n(q,2)* - p/]*, (129)
upon using formula (1.2.3) for the velocity ¢(z) in terms of the posi-
tion q(z) at which the ray punctures the screen at z and its canonical
momentum there p(z). Thus, in the geometric picture of canonical
screen optics in Figure 1.5, the component of the ray vector along
the optical axis is (minus) the Hamiltonian. That is,

z-n(q,z) =n(q,z)cosd = —H. (1.2.10)

Remark 1.2.5 The optical Hamiltonian in (1.2.9) takes real values,
so long as the phase space for ray optics is restricted to the disc
Ip| < n(q,z). The boundary of this disc is the zero level set of the
Hamiltonian, H = 0. Thus, flows that preserve the wvalue of the
optical Hamiltonian will remain inside its restricted phase space.

Theorem 1.2.6 The phase space description of the ray path fol-
lows from Hamilton’s canonical equations, which are defined

as
oH oH
= — h— — . 1.2.11
a=5 p 9 ( )

With the optical Hamiltonian H(q,p) = — [n(q, 2)? — |p]2} 2 i
(1.2.9), these are

1 . —10n?

A=FP P ogaq

= (1.2.12)

Proof. Hamilton’s canonical equations are obtained by differenti-
ating both sides of the Legendre transformation formula (1.2.8) to
find

OH OH OH
dH — 0-dq+ — -dp+ — - dq+ == .d
(a,p, 2) q-+ op p+ 9q a+ 5~ -dz

oL oL

oL
= ~=2)dg+4-dp— — dq— —dz.
<p aq) A+ q-dp -5 dq—5ode
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The coefficient of (dq) vanishes in this expression by virtue of the
definition of canonical momentum. Vanishing of this coefficient is re-
quired for H to be independent of q. Identifying the other coefficients
yields the relations

OH oH 9L d oL
%—q, 87q_ 37q_ dz 04 P, (1.2.13)
and OH 0L

in which ones uses the Euler-Lagrange equation to derive the sec-
ond relation. Hence, one finds the canonical Hamiltonian formulas
(1.2.11) in Theorem 1.2.6. ]

Definition 1.2.7 (Canonical momentum)

The momentum p defined in (1.2.1) that appears with the position
q in Hamilton’s canonical equations (1.2.11) is called the canonical
momentum.

Remark 1.2.8 (Momentum form of Ibn Sahl-Snell law)

The phenomenon of refraction may be seem as a break 1in
the direction's of the ray vector n(r(s)) = ns at a finite discon-
tinuity in the refractive index n = |n| along the ray path r(s).
According to the eikonal equation (1.1.9) the jump (denoted
by A) in three-dimensional canonical momentum across the
discontinuity must satisfy

oL 0
Al =) x <o,
d(dr/ds) or
This means the projections p and p' of the ray vectors n(q, 2)
and n'(q, z) which lie tangent to the plane of the discontinuity

in refractive index will be invariant. In particular, the lengths of
these projections will be preserved. Consequently,

Ip| = |p/| implies nsinf =n'sinf’ at z=0.
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This is again the Ibn Sahl-Snell law, now written in terms of
canonical momentum.

Exercise. How do the canonical momenta differ in the
two versions of Fermat’s principle in (1.1.10) and (1.1.11)7
Do their Ibn Sahl-Snell laws differ? Do their Hamiltonian

formulations differ? *

Answer. The first stationary principle (1.1.10) gives n(r(s))dr/ds
for the optical momentum, while the second one (1.1.11) gives its
reparameterised version n?(r(7))dr/dr. Because d/ds = nd/dr, the
values of the two versions of optical momentum agree in either pa-
rameterisation. Consequently, their Ibn Sahl-Snell laws agree.

The two Hamiltonian formulations differ, because the Lagrangian
in (1.1.10) is homogeneous of degree one in its velocity, while the La-
grangian in (1.1.11) is homogeneous of degree two. Consequently, un-
der the Legendre transformation, the Hamiltonian in the first formu-
lation vanishes identically, while the other Hamiltonian is quadratic
in its momentum, namely, H = |p|?/(2n). A

1.2.3 Paraxial optics and classical mechanics

Rays whose direction is nearly along the optical axis are called paraz-
tal. In a medium whose refractive index is nearly homogeneous,
paraxial rays remain paraxial and geometric optics closely resem-
bles classical mechanics. Consider the trajectories of paraxial rays
through a medium whose refractive index may be approximated by

n(q,z) =ng —v(q,z), with v(0,z2) =0 and v(q,z)/no < 1.

Being nearly parallel to the optical axis, paraxial rays satisfy 6§ <
1 and |p|/n < 1; so the optical Hamiltonian (1.2.9) may then be
approximated by

~ —ng+

271/2 2
p p
LN )
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The constant ng here is immaterial to the dynamics. This calculation
shows the following.

Lemma 1.2.9 Geometric ray optics in the parazial regime corre-
sponds to classical mechanics with a time dependent potential v(q, z),
upon identifying z < t.

Exercise. Show that the canonical equations for parax-
ial rays recover the mirage equation (1.1.19) when n =
ns(1 + kx) for k > 0.

Explain what happens to the ray pattern when s < 0.
*

1.3 Hamiltonian form of optical transmission

Proposition 1.3.1 (Canonical bracket)
Hamilton’s canonical equations (1.2.11) arise from a bracket opera-
tion,
OF 0OH O0H OF
{F,H}:—~———-—, (1.3.1)
oq JOp Oq Op
expressed in terms of position q and momentum p.

Proof. One directly verifies,

oOH OH
0 = H = —-— d » = H - — .
a={a H}=75" and p={p H}=-7
|
Definition 1.3.2 (Canonically conjugate variables)
The components q; and p; of position q and momentum p satisfy
{ai, pi} =dij, (1.3.2)

with respect to the canonical bracket operation (1.8.1). Variables that
satisfy this relation are said to be canonically conjugate.
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Definition 1.3.3 (Dynamical systems in Hamiltonian form)
A dynamical system on the tangent space TM of a space M

x(t)=F(x), xe M,
s said to be in Hamiltonian form, if it can be expressed as
x(t)={x,H}, for H:M —R, (1.3.3)

in terms of a Poisson bracket operation {-, -}, which is a map
among smooth real functions F(M): M — R on M,

{,}: FIM)xF(M)— F(M), (1.3.4)

so that F = {F, H} for any F € F(M).

Definition 1.3.4 (Poisson bracket)
A Poisson bracket operation {-, -} is defined as possessing
the following properties:

1. It is bilinear,
2. skew symmetric, {F, H} = —{H, F},
3. satisfies the Leibnitz rule (product rule),
{FG,H}={F,H}G+ F{G, H},
for the product of any two functions F' and G on M, and

4. satisfies the Jacobi identity

{F AG, H}}+{G, {H, F}}+{H, {F,G}} =0,
(1.3.5)
for any three functions F, G and H on M.

Remark 1.3.5 Definition 1.3.4 of Poisson bracket certainly includes
the canonical Poisson bracket in (1.3.1) that produces Hamilton’s
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canonical equations (1.2.11), in position q and conjugate momentum
p. However, this definition does not require the Poisson bracket to
be expressed in the canonical form (1.3.1).

Exercise. Show that the defining properties of a Pois-
son bracket hold for the canonical bracket expression in

(1.3.1). *

Exercise. Compute the Jacobi identity (1.3.5) using the
canonical Poisson bracket (1.3.1) in one dimension for
F =p, G =qand H arbitrary. *

Exercise. What does the Jacobi identity (1.3.5) imply
about {F', G} when F and G are constants of motion, so
that {F', H} =0 and {G, H} for a Hamiltonian H?

*

Definition 1.3.6 (Hamiltonian vector fields and flows)

A Hamiltonian vector field Xg is a map from a function
F € F(M) on space M with Poisson bracket { -, -} to a tangent
vector on its tangent space TM given by the Poisson bracket.
When M is the optical phase space T*R?, this map is given by
the partial differential operator obtained by inserting the phase
space function F into the canonical Poisson bracket,

oF o OF 0
XF = { ° F} = — 0 — — —— . —
op 0q Oq Op
The solution x(t) = ¢f'x of the resulting differential equation,
x(t)={x, F} with xe M,

yields the flow ¢f : R x M — M of the Hamiltonian vector field
Xp on M. Assuming that it exists and is unique, the solution
x(t) of the differential equation is a curve on M parameterised
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by t € R. The tangent vector x(t) to the flow represented by the
curve x(t) at time t satisfies

X(t) = Xpx(t),

which are the characteristic equations of the Hamiltonian vec-
tor field on manifold M.

Remark 1.3.7 (Caution about caustics)

Caustics were discussed definitively in o famous unpublished paper
written by Hamilton in 1823 at the age of 18. Hamilton later pub-
lished what he called “supplements” to this paper in [Ha1830, Ha1837].
The optical singularities discussed by Hamilton form in bright caus-
tic surfaces when light reflects off a curved mirror. In the present
context, we shall avoid caustics. Indeed, we shall avoid reflection
altogether and deal only with smooth Hamiltonian flows in media
whose spatial variation in refractive index is smooth. For a modern
discussion of caustics, see [Ar1994].

1.3.1 Translation invariant media

e If n = n(q), so that the medium is invariant under trans-
lations along the optical axis with coordinate z, then

z-n(q,z) =n(q,z)cos = —H,

in (1.2.10) is conserved. That is, the projection z - n(q, z) of
the ray vector along the optical axis is constant in translation-
invariant media.

e For translation-invariant media, the eikonal equation (1.1.5)
simplifies via the canonical equations (1.2.12) to Newtonian
dynamics,

1 On?

=———=— f R2. 1.3.
q 212 9q or q¢€ (1.3.6)
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e Thus, in translation-invariant media, geometric ray tracing for-
mally reduces to Newtonian dynamics in z, with a potential
—n?(q) and with “time” z rescaled along each path by the
constant value of v/2 H determined from the initial conditions
for each ray at the object screen at z = 0.

Remark 1.3.8 In media for which the index of refraction is not
translation-invariant, the optical Hamiltonian n(q, z) cos = —H is
not generally conserved.

1.3.2 Axisymmetric, translation-invariant materials

In axisymmetric, translation-invariant media, the index of refraction
may depend on the distance from the optical axis, r = |q|, but does
not depend on the azimuthal angle. As we have seen, translation
invariance implies conservation of the optical Hamiltonian. Axisym-
metry implies yet another constant of motion. This additional con-
stant of motion allows the Hamiltonian system for the light rays to
be reduced to phase plane analysis. For such media, the index of
refraction satisfies

n(q,z) =n(r), where r=]|q|. (1.3.7)
Passing to polar coordinates (r, ¢) yields

q = (v,y) =r(cosg,sing),
P = (Pa;1y)
(pr cos ¢ — pg sin @/r, pysin ¢ + pg cos /1),

so that
Ip|* = p; + 5/ (1.3.8)

Consequently, the optical Hamiltonian,
H=—[n(r)?—p2—p3/r3]"?, (1.3.9)

is independent of the azimuthal angle ¢. This independence of angle
¢ leads to conservation of its canonically conjugate momentum py,
whose interpretation will be discussed in a moment.
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Exercise. Verify formula (1.3.9) for the optical Hamil-
tonian governing ray optics in axisymmetric, translation-
invariant media by computing the Legendre transforma-
tion. Y

Answer. Fermat’s principle 65 = 0 for S = [ L dz an axisymmetric,
translation-invariant material may be written in polar coordinates
using the Lagrangian

L=n(r)\/1+72 4122,

from which one finds

oL n(r)r
Dr = E = —
\ 1472+ 1r2¢?
and '
Py _ 1 8L n(r)ro

Consequently, the velocities and momenta are related by

pr +p¢/ 2

1—|pl*/n?(r),

1472+ r2¢2 \/

which allows the velocities to be obtained from the momenta and
positions. The Legendre transformation (1.2.9),

H(T)pr7p¢) = rp?” + pr(j; - L(T7 7."7 ¢) ’
then yields formula (1.3.9) for the optical Hamiltonian. A

Exercise. Interpret the quantity py in terms of the vec-
tor image-screen phase space variables p and q. *
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Answer. The vector q points from the optical axis and lies in the
optical (z,y) or (r, ¢) plane. Hence, the quantity ps may be expressed
in terms of the vector image-screen phase space variables p and q as

b xaf* = [pfla* — (p-a)* =9} (1.3.10)
This may be obtained by using the relations
P2
|p|2=pg—|—7f§, lq*=7? and q-p=r1p,.
One interprets p, = p X q as the area spanned on the optical
screen by the vectors q and p. A

1.3.3 Hamiltonian optics equations, polar coordinates

Hamilton’s equations in polar coordinates are defined for axisymmet-
ric, translation-invariant by the canonical Poisson brackets with the
optical Hamiltonian (1.3.9),

_ _O0H _ pr
o= {r H}_ﬁpr 7
, OH 10 3
pr = {pr, H}:—E:—ﬁa <n2(7“)—7§>7
o _ _OH _  pe
. oOH
Dy = {P¢,H}:—87¢:O~

In the reduced phase space dynamics for r(z), p,(z), the constants of
the motion py, H, may be regarded as parameters that are set by the
initial conditions. The dynamics of the azimuthal angle, or phase,
¢(2) in polar coordinates decouples from the rest and may be found
separately, after solving for (z) and p,(2).

Remark 1.3.9 (Evolution of azimuthal angle)
The polar canonical equation for ¢(z) in (1.8.11) implies, for a given
orbit r(z), that the phase may be obtained as a quadrature,

* OH Do |

Ap(z) = % dz = — 7 202)

dz, (1.3.12)



26 CHAPTER 1. FERMAT’S RAY OPTICS

where py and H are constants of the motion. Because in this case
the integrand is a square, the polar azimuthal angle, or phase, A¢p(z)
must either increase or decrease monotonically in azrisymmetric ray
optics, depending on whether the sign of the conserved ratio py/H is
negative, or positive, respectively. Moreover, for a fived value of the
ratio py/H, rays that are closer to the optical azis circulate around
it faster.

The reconstruction of the phase for solutions of Hamilton’s opti-
cal equations (1.3.11) for ray paths in an axisymmetric, translation-
invariant medium has some interesting geometric features for peri-
odic orbits in the radial (r, p,) phase plane.

1.3.4 Geometric phase for Fermat’s principle

One may decompose the total phase change around a closed periodic
orbit of period Z in the phase space of radial variables (r,p,) into
the sum of the following two parts:

quﬁdé:pwqb: —%prdr + ]{p-dq : (1.3.13)

Geometric  Dynamic
On writing this decomposition of the phase as
A¢ = Ad’geom + A(bdyn »

one sees that

1
p¢A¢geom = ﬁ j{pfdz = — // dpr Adr (1.3.14)

is the area enclosed by the periodic orbit in the radial phase plane.
Thus, the name: geometric phase for Aggcom, because this part of
the phase only depends on the geometric area of the periodic orbit.
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The rest of the phase is given by

PeAdyn = j@{ p-dq

- ]{ oH n oH d
B 8}97« P ops 3}9 ‘

= ZH - ﬁ<n2> , (1.3.15)

where the loop integral §n?(|q(z)|)dz = Z(n?) defines the average
(n?) over the orbit of period Z of the squared index of refraction.
This part of the phase depends on the Hamiltonian, orbital period
and average of the squared index of refraction over the orbit. Thus,
the name: dynamic phase for Aggy,, because this part of the phase
depends on the dynamics of the orbit, not just its area.

1.3.5 Skewness
Definition 1.3.10 The quantity

Do =P X A =YDy — TPy , (1.3.16)
is called the skewness function.?
Remark 1.3.11 By (1.3.11) the skewness is conserved for rays in
azisymmetric media.

Remark 1.3.12 Geometrically, the skewness given by the cross prod-
uct S = p X q is the area spanned on an image screen by the vectors
p and q. This geometric conservation law for screen optics was first
noticed by Lagrange in parazial lens optics and it is still called La-
grange’s invariant in that field. On each screen, the angle, length

2This is short notation for ps = % - p x q. Scalar notation is standard for a
vector normal to a plane that arises as a cross product of vectors in the plane.
Of course, the notation for skewness S cannot be confused with the action S.
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and point of intersection of the ray vector with the screem may vary.
However, the oriented area S = p X q will be the same on each
screen, for rays propagating in an axisymmetric medium. This is the
geometric meaning of Lagrange’s invariant.

Image
Plane

Figure 1.7: The skewness S = p x q of a ray n(q, z) is an oriented area in
an image plane. For axisymmetric media, skewness is preserved as a function
of distance z along the optical axis. The projection Z - n(q, z) is also conserved,
provided the medium is invariant under translations along the optical axis.

Conservation of the skewness function py = p x q follows in the

reduced system (1.3.11) by computing

dpg OH

_— = R H = — — = 07

o = e, H} 9
which vanishes because the optical Hamiltonian for an axisymmetric
medium is independent of the azimuthal angle ¢ about the optical
axis.

Exercise. Check that Hamilton’s canonical equations for
ray optics (1.2.12) with the optical Hamiltonian (1.2.9)
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conserve the skewness function psy = p x q when the
refractive index satisfies (1.3.7). *

Remark 1.3.13 The values of the skewness function characterise
the various types of rays [Wo2004].

o Vanishing of p x q occurs for meridional rays, for which
P X q = 0 implies that p and q are collinear in the itmage plane
(pllq)

e On the other hand, py takes its maximum value for sagittal
rays, for which p-q = 0, so that p and q are orthogonal in
the image plane (p L q).

e Rays that are neither collinear nor orthogonal are said to be
skew rays.

Exercise.

(Phase plane reduction)

(1) Solve Hamilton’s canonical equations for axisymmet-
ric, translation invariant media in the case of an optical
fibre with radially varying index of refraction in the fol-
lowing form:

n?(r) = A2 + (u—vr?)®>, X, p, v = constants,

by reducing the problem to phase plane analysis. How
does the phase space portrait differ between py = 0 and
Py 7 07 What happens when v changes sign?

(2) What regions of the phase plane admit real solutions?
Is it possible for a phase point to pass from a region with
real solutions to a region with complex solutions during
its evolution? Prove it.

(3) Compute the dynamic and geometric phases for a
periodic orbit of period Z in the (r,p,) phase plane.

Hint: For pg # 0 the problem reduces to a Duffing os-
cillator (Newtonian motion in a quartic potential) in a
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rotating frame, up to a rescaling of time by the value of
the Hamiltonian on each ray “orbit”.

See [HoK01991] for a discussion of optical ray chaos under
periodic perturbations of this solution. *

1.3.6 Lagrange invariant: Poisson bracket relations

Under the canonical Poisson bracket (1.3.1), the skewness function,
or Lagrange invariant,

S=py=1%-pxXQqQ=yp: — TPy, (1.3.17)

generates rotations of q and p jointly in the image plane. Both q
and p are rotated by the same angle ¢ around the optical axis z. In
other words, the equation (dq/d¢,dp/d¢) = {(q,p), S} defined by
the Poisson bracket,

d
FpXE—, (1.3.18)

d:XS:{"S}:qXZ'aq p

do

has the solution,

(o0 )= (7wl ) (50) - s

Here the matrix

R.(¢) = ( c0sg —sing ) (1.3.20)

sing cos¢

represents rotation of both q and p by an angle ¢ about the optical
axis.

Remark 1.3.14 The application of the Hamiltonian vector field Xg
for skewness in (1.3.18) to the position vector q yields

Xsq=—-2Zxq. (1.3.21)

Likewise, the application of the Hamiltonian vector field Xg for skew-
ness in (1.3.18) to the momentum vector yields

Xsp=—-ZXp. (1.3.22)

Thus, the application of Xg to the vectors p and q rotates them both
by the same angle.
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Definition 1.3.15 (Diagonal action & cotangent lift)
Together, formulas (1.3.21) - (1.3.22) comprise the diagonal action
on (q,p) of axial rotations about z. The rotation of the momentum
vector p that is induced by the rotation of the position vector q is
called the cotangent lift of the action of the Hamiltonian vector
field Xg. Namely, (1.3.22) is the lift of the action of rotation (1.3.21)
from position vectors to momentum vectors.

Remark 1.3.16 (Moment of momentum)

Applying the Hamiltonian vector field Xg for skewness in (1.3.18)
to screen coordinates q = R? produces the infinitesimal action of
rotations about Z, as

_da
o,y

The skewness function S in (1.3.17) may be expressed in terms of
two different pairings,

Xsq={q, S} =—-2xq

S = <<p, qu>> =p-(—2xq) and
S = (pxq)-z2= <J(p, a), Z> =J(p,a). (1.3.23)

Although these pairings are both written as dot-products of vectors,
strictly speaking they act on different spaces. Namely,

<< - >> : (momentum) x (velocity) — R, (1.3.24)

<-, > : (moment of momentum) x (rotation rate) — R.

The first pairing {(-, -)) is between two vectors that are tangent to
an optical screen. These vectors represent the projection of the ray
vector on the screen p and the rate of change of the position q
with azimuthal angle, dq/d¢ in (1.8.21). This is also the pairing
(-, ) between velocity and momentum that appears in the Legen-
dre transformation. The second pairing (-, -) is between the ori-
ented area p X q and the normal to the screen z. Thus, as we knew,
J*(p, q) = S(p, q) is the Hamiltonian for an infinitesimal rotation
about the z axis in R3.
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Definition 1.3.17 Distinguishing between the pairings in (1.3.23)
interprets the Lagrange invariant S = J*(p,q) = p X q - Z as the
Z-component of a map from phase space with coordinates (p, q) to
the oriented area J(p, q) = p X q, or moment of momentum.

Definition 1.3.18 (Momentum map for cotangent lift)
Formula (1.8.23) defines the momentum map for the cotangent
lift from position vectors to their canonically conjugate momen-
tum wvectors in phase space of the action of rotations about Z.
In general, a momentum map applies from phase space to the
dual space of the Lie algebra of the Lie group whose action is
involved. In this case, it is the map from phase space to the
moment-of-momentum space, M,

J: T"R?> = M, namely, J(p,q)=pXxq, (1.3.25)

and p X q is dual to the rotation rate about the axial direction
Z under the pairing given by the three-dimensional scalar (dot)
product. The corresponding Hamiltonian is the skewness

S=J*p,q=J-Z2=pxq-2Z

in (1.3.28). This is the real-valued phase space function whose
Hamiltonian vector field Xg rotates a point P = (q,p) in phase
space about the optical axis z at its centre, according to

4 xP=Xy;P={P,J 2}. (1.3.26)

Remark 1.3.19 The skewness function S and its square, S* (called
the Petzval invariant [Wo2004]) are conserved for ray optics in
axisymmetric media. That is, the canonical Poisson bracket vanishes

(S, H} =0, (1.3.27)
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for optical Hamiltonians of the form,
1/2
H =~ |n(la®)? = p]?] " (1.3.28)

The Poisson bracket (1.5.27) vanishes because |q|* and |p|* in H
both remain tnvariant under the simultaneous rotations of q and p
about Z generated by S in (1.5.18).

1.4 Axisymmetric invariant coordinates

Transforming to axisymmetric coordinates and azimuthal angle in
the optical phase space is similar to passing to polar coordinates
(radius and angle) in the plane. Passing to polar coordinates by
(x,y) — (r,¢) decomposes the plane R? into the product of the real
line r € R and the angle ¢ € S'. Quotienting the plane by the
angle leaves just the real line. The quotient map for the plane is

7 :R?{0} — R\{0} : (2,9) — . (1.4.1)

The S' angle in optical phase space T*R? is the azimuthal angle. But
how does one quotient the four-dimensional T*R? by the azimuthal
angle?

As discussed in Section 1.3.3, azimuthal symmetry of the Hamil-
tonian summons the transformation to polar coordinates in phase
space, as

(qap) - (Ta DPriPe, gb) .

This transformation reduces the motion to phase planes of radial
(r, pr) position and momentum, defined on level surfaces of the skew-
ness py. The trajectories evolve along intersections of the the level
sets of skewness (the planes p, = const) with the level sets of the
Hamiltonian H(r,pr,py) = const. The motion along these intersec-
tions is independent of the “ignorable” phase variable ¢ € S', whose
evolution thus decouples from that of the other variables. Conse-
quently, the phase evolution may be reconstructed later by a quadra-
ture, i.e., an integral that involves the parameters of the “reduced
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phase space”. Thus, in this case, azimuthal symmetry decomposes
the phase space ezactly as

T*R*\{0} ~ (T*(R\{0}) x R) x S*. (1.4.2)
The corresponding quotient map for azimuthal symmetry is

w2 T'RA\{0} — T*(R\{0}) xR : (a.p) = (r,pripg) . (1.43)

An alternative procedure exists for quotienting out the angular de-
pendence of an azimuthally symmetric Hamiltonian system, which
is independent of the details of the Hamiltonian function. This al-
ternative procedure involves transforming to quadratic azimuthally
invariant functions.

Definition 1.4.1 (Quotient map to quadratic S' invariants)
The quadratic azisymmetric invariant coordinates in R3\{0}
are defined by the quotient map®

7 TR0} — RA\{0} : (a,p) — X = (X1, X5, X3),  (1.4.4)
given explicitly by the quadratic monomaials,
X1=1]a?>0, Xo=[pf>0, X3=p-q. (1.4.5)
The quotient map (1.4.4) is written a bit more succinctly as
T (p, q) = X. (1.4.6)

Theorem 1.4.2 The vector (X1, X9, X3) of quadratic monomials in
phase space all Poisson-commute with skewness S,

(S.X1} =0, {8X2}=0, {S X3}=0. (1.4.7)

Proof. These three Poisson brackets with skewness S all vanish
because dot products of vectors are preserved by the joint rotations
of q and p that are generated by S. [

3The transformation 7*R? — R® in (1.4.5) will be recognised later as another
example of a momentum map.
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Remark 1.4.3 The orbits of S in (1.8.19) are rotations of both q
and p by an angle ¢ about the optical axis at a fized position z.
According to the relation {S, X} = 0, the quotient map X = 7 (p, q)
in (1.4.4) collapses each circular orbit of S on a given image screen in
phase space T*R?\{0} to a point in R3\{0}. The converse also holds.
Namely, the inverse of the quotient map 7~ 'X for X € Imager
consists of the circle (S*) generated by the rotation of phase space
about its centre by the flow of S.

Definition 1.4.4 (Orbit manifold)
The image in R of the quotient map m : T*R*\{0} — R3\{0} in
(1.4.4) is the orbit manifold for axisymmetric ray optics.

Remark 1.4.5 (Orbit manifold for axisymmetric ray optics)
The image of the quotient map w in (1.4.4) may be conveniently dis-
played as the zero-level set of the the relation

C(X1, X2, X3,8) =5% - (X1 X2 — X3) =0, (1.4.8)

among the azisymmetric variables in equation (1.4.5). Consequently,
a level set of S in the quotient map T*R?\{0} — R3\{0} obtained by
transforming to S* phase space invariants yields an orbit manifold
defined by C(X1, X2, X3, S) = 0 in R3\{0}.

For azisymmetric ray optics, the image of the quotient map m in R3
turns out to be a family of hyperboloids of revolution.

1.5 Geometry of invariant coordinates

In terms of the axially invariant coordinates (1.4.5), the Petzval in-
variant and the square of the optical Hamiltonian satisfy

lpxdl* = [p[’la]*~(p-q)* and H?=n?*(|q*)—|p|*>0. (1.5.1)
That is,
S?=X1Xo—X2>0 and H?=n%*X1)-X2>0. (152

The geometry of the solution is determined by the intersections of
the level sets of the conserved quantities S? and H?. The level sets of



36 CHAPTER 1. FERMAT’S RAY OPTICS

52 € R3 are hyperboloids of revolution around the X; = X, axis in
the horizontal plane defined by X3 = 0. The level-set hyperboloids
lie in the interior of the S = 0 cone with X7 > 0 and X9 > 0. The
level sets of H? depend on the functional form of the index of refrac-
tion, but they are X3z-independent. The ray path in the S'-invariant
variables X = (X1, X2, X3) € R? must occur along intersections of
S? and H?, since both of these quantities are conserved along the
ray path in axisymmetric translation-invariant media.

“Xj’ :p.q:Y3

X, =q?

Figure 1.8: Level sets of the Petzval invariant S = X; X2 — X3 are hyperboloids
of revolution around the X; = X5 axis (along Y1) in the horizontal plane, X3 =
0. Level sets of the Hamiltonian H in (1.5.2) are independent of the vertical
coordinate. The axisymmetric invariants X € R* evolve along the intersections
of these level sets by X = VS? x VH, as the vertical Hamiltonian knife H =
constant slices through the hyperbolic onion of level sets of S2. In the coordinates,
Y = (X1 —|—X2)/2,Y2 = (XQ - Xl)/27Y3 = X3, one has S2 = }/12 - Y22 - Y32.
Being invariant under the flow of the Hamiltonian vector field Xs = {-, S}, each
point on any layer H? of the hyperbolic onion H?® consists of an S orbit in phase
space under the diagonal rotation (1.3.19). This orbit is a circular rotation of
both q and p on an image screen at position z by an angle ¢ about the optical
axis.
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One would naturally ask how the quadratic phase space quantities
(X1, X9, X3) Poisson-commute among themselves. However, before
addressing that question, let us ask the following.

Question 1.5.1

How does the Poisson bracket with each of the azxisymmetric
quantities (X1, Xo, X3) act as a derivative operation on functions
of the phase space variables q and p?

Remark 1.5.2
Answering this question introduces the concept of flows of Hamil-
tonian vector fields.

1.5.1 Flows of Hamiltonian vector fields

Theorem 1.5.3 (Flows of Hamiltonian vector fields)
Poisson brackets with the S'-invariant phase space functions X1, Xo
and X3 generate linear homogeneous transformations of (q, p) €
T*R?, obtained by regarding the Hamiltonian vector fields ob-
tained as in Definition 1.5.6 from the Poisson brackets as derivatives,
ddﬁ ={-, X1}, dd7_2 ={-, Xo} and ddTg ={-, X3}, (1.5.3)
in their flow parameters 71, 7o and 73, respectively.
The flows themselves may be determined by integrating the char-
acteristic equations of these Hamiltonian vector fields.

Proof.

e The sum (X7 + X,) is the harmonic-oscillator Hamiltonian.
This Hamiltonian generates rotation of the (q, p) phase space
around its centre, by integrating the characteristic equa-
tions of its Hamiltonian vector field,

d

%:{-,%(X1+X2)}: .E_q-i, (1.5.4)

dq op
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To see this, write the simultaneous equations

L(0){(2) o)

or in matrix form,*

£()-(8 () dmem(3)

for the 2 x 2 traceless matrices m1 and meo defined by

0 0 0 2
m1:(2 O> and m2:<0 0>.

These w-dynamics may be rewritten as a complex equation,

%(q +ip) = —i(q+ip), (1.5.5)

whose immediate solution is
a(w) +ip(w) = 7 (a(0) +ip(0))

This solution may also be written in matrix form as

(5) = (o e ) () asw

which is a diagonal clockwise rotation of (q,p). This solu-
tion sums the following exponential series

w(mi+ma)/2 _ Oowin 0 1 "
e _Zn!(—l O>

n=0

S (e ) s

—sinw cosw

This may also be verified by summing its even and odd powers
separately.

4For rotational symmetry, it is sufficient to restrict attention to rays lying in a

fixed azimuthal plane and, thus, we may write these actions using 2 X 2 matrices,
rather than 4 x 4 matrices.
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Likewise, a nearly identical calculation yields

(&) =gome-m ()= (7 ) (2).

for the dynamics of the Hamiltonian H = (|p|?> — |q|?)/2. The
time, the solution is the hyperbolic rotation

(3 )= (o o) (a) oo

which, in turn, sums the exponential series

e - £2(0})
n.

n=0

coshy sinh~y
< sinhy cosh~y ) ' (1.5.9)

e In ray optics, the canonical Poisson bracket with the quadratic
phase space function X; = |q|? defines the action of the follow-
ing linear Hamiltonian vector field:

Cﬁﬁ:{”Xl}:_qu)‘ (1.5.10)

This action may be written equivalently in matrix form as

=(5)-(50)(5)-(5)

Integration of this system of equations yields the finite trans-
formation
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This is an easy result, because the matrix m; is nilpotent.

That is, m? = ( 8 8 ), so the formal series representing the

exponential of the matrix
=1
e =y —(rm)" (1.5.12)

n=0

truncates at its second term. This solution may be interpreted
as the action of a thin lens [Wo2004].

Likewise, the canonical Poisson bracket with Xs = |p|? defines
the linear Hamiltonian vector field,

Cé:{.,&}:@.;’q. (1.5.13)

In matrix form, this is

()-8 () -(5)

in which the matrix msy is also nilpotent. Its integration gen-
erates the finite transformation

(o) = =20

—. Ma(m) ( a(0) ) , (1.5.14)

corresponding to free propagation of light rays in a homoge-
neous medium.

The transformation generated by X3 = q - p compresses phase
space along one coordinate and expands it along the other,
while preserving skewness. Its Hamiltonian vector field is

0 0
i} g ey
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Being linear, this may be written in matrix form as

i ()00 2) () =m(3)

The integration of this linear system generates the flow, or finite
transformation,

() = (o)

- (0 ) G0)

= M;(rs) ( ggg% ) , (1.5.15)

whose exponential series is easily summed, because mg is diago-
nal and constant. Thus, the quadratic quantity X3 generates a
transformation that takes one harmonic-oscillator Hamiltonian
into another one corresponding to a different natural frequency.
This transformation is called squeezing of light.

The proof of Theorem 1.5.3 is now finished. [

1.6 Symplectic matrices

Remark 1.6.1 (Symplectic matrices)

Poisson brackets with the quadratic monomials on phase space X1, Xo, X3
correspond respectively to multiplication by the traceless constant ma-
trices mi, mo, m3. In turn, exponentiation of these traceless constant
matrices leads to the corresponding matrices My (1), Ma(12), M3(73)

in equations (1.5.11), (1.5.14) and (1.5.15). The latter are 2 x 2
symplectic matrices. That is, these three matrices each satisfy

M;i(r)JM;(r)T = J  (no sum oni=1,2,3), (1.6.1)

J= ( (1) _01 > : (1.6.2)

where
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By their construction from the axisymmetric invariants X1, Xo, X3,
each of the symplectic matrices My(11), Ma(72), M3(73) preserves the
cross product S =p X q.

Definition 1.6.2 (Lie transformation groups)

e A transformation is a one-to-one mapping of a set onto
itself.

o A collection of transformations is called a group, provided:
— it includes the identity transformation and the inverse of
each transformation;

— it contains the result of the consecutive application of any
two transformations; and

— composition of that result with a third transformation is
assoctative.

e A group is a Lie group, provided its transformations de-
pend smoothly on a set of parameters.

Theorem 1.6.3 (Symplectic group Sp(2,R))
Under matriz multiplication, the set of 2 x 2 symplectic matrices
forms a group.

Exercise. Prove that the matrices M (1), Ma(72), M3(73)
defined above all satisfy the defining relation (1.6.1) re-
quired to be symplectic. Prove that these matrices form
a group under matrix multiplication. Conclude that they
form a three-parameter Lie group. *

Theorem 1.6.4 (Fundamental theorem of planar optics)
Any plane parazial optical system, represented by a 2 X 2 symplectic
matrix M € Sp(2,R) may be factored into subsystems consisting of
products of three subgroups of the symplectic group, as

cosw  sinw e 0 1 0
M= ( —sinw cosw ) ( 0 e ™ ) < o 1 > (1.6.3)
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This is a general result, called the Iwasawa decomposition of the
symplectic matriz group, usually written as [Gel961]

Sp(2,R) = KAN.. (1.6.4)

The rightmost matrixz factor (nilpotent subgroup N) corresponds to
a thin lens, whose parameter 27 is called its Gaussian power
[Wo02004]. This factor does not affect the image at all, since q(11) =
q(0) from equation (1.5.11). However, the rightmost factor does
change the direction of the rays that fall on each point of the screen.
The middle factor (Abelian subgroup A) magnifies the image by the
factor €™, while squeezing the light so that the product q-p remains
the invariant as in equation (1.5.15). The leftmost factor (the max-
imal compact subgroup K) is a type of Fourier transform in angle
w € St on a circle as in equation (1.5.6).

For insightful discussions and references to the literature in the
design and analysis of optical systems using the symplectic matrix
approach, see, e.qg., [Wo2004]. For many extensions of these ideas
with applications to charged-particle beams, see [Dr2007].

Definition 1.6.5 (Hamiltonian matrices)
The traceless constant matrices

0 0 0 2 1 0
ml—(_2 O>,m2—(0 0),m3—<0 _1), (1.6.5)

whose exponentiation defines the Sp(2,R) symplectic matrices
e’ = My(r), 7" =DMy(ra), €7 =M;j(r3), (1.6.6)

and which are the tangent vectors at their respective identity
transformations,

my = |My(n)M; ' (n) ,
L 47m=0

my = | Mby(re) Myt (1) :
L 1 715=0

ms = Mé(Tg)M{l(Tg) N (167)
L 47m3=0

are called Hamtltontan matrices.
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Remark 1.6.6

e From their definitions, the Hamiltonian matrices m; with i =
1,2,3, each satisfy

m;J +Jm; =0, where J= < (1) _01 ) . (1.6.8)
Exercise. Take the derivative of the definition of
symplectic matrices (1.6.1) to prove statement (1.6.8)
about Hamiltonian matrices. *

e The respective actions of the symplectic matrices My (1), Ma(12),
M3(13) in (1.6.6) on the phase space vector (q, p)’ are the
flows of the Hamiltonian vector fields {-, X1}, {-, X2}, and
{+, X3} corresponding to the azisymmetric invariants X1, Xo
and X3 in (1.4.5).

e The quadratic Hamiltonian,

w
H = S(Xi+X)+ 5 (X —X1) +7X; (1.6.9)

2
2
w v
= 5(|p|2 +lal®) + §(Ipl2 —lal*) +7q-p,

is associated to the Hamiltonian matriz,

w
m(wa%T) = §(m1+m2)+%(m2—m1)+7m3
_ < T 7“’). (1.6.10)
Yy—w —T

The eigenvalues of the Hamiltonian matriz (1.6.10) are deter-
mined from

M4 A=0, with A=detm=w?—9*-7% (1.6.11)
Consequently, the eigenvalues come in pairs, given by
M =tV-A =42 442 — w2, (1.6.12)

The Hamiltonian flows corresponding to these eigenvalues change
type, depending on whether A < 0 (hyperbolic), A = 0 (parabolic),
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or A > 0 (elliptic), as illustrated in Figure 1.9 and summarised
in the table below, cf. [Wo2004]. The action of a symplectic
matriz M(1;) on a Hamiltonian matriz m(w,~y,T) by matriz
conjugation m — m' = M (7;)mM ~1(7;) (no sum oni=1,2,3)
may alter the values of (w,~y, ). However, this action preserves
eigenvalues, so it preserves the value of the determinant A.

Harmonic (elliptic) orbit Trajectories: Ellipses
A=1, M=+ mH—<_O1 é)

Free (parabolic) orbit Trajectories: Straight lines
A=0, M=0 mH:<8 é)
Repulsive (hyperbolic) orbit  Trajectories: Hyperbolas
A=—-1, MXM=+1 mH:<[1) (1))

Remark 1.6.7 (Prelude to Lie algebras)

e In terms of the Hamiltonian matrices the KAN decomposition
(1.6.3) may be written as

M = e¥(mitma)/2gmsmserim (1.6.13)

e Under the matriz commutator [m;, m;] := m;m;—m;m;, the
Hamiltonian matrices m; with ¢ = 1,2,3, close among them-
selves, as

[m17 m?] = 4m3 3 [mQa m3] = - 2m2 ) [m37 ml] = - le .

The last observation (closure of the commutators) summons the def-
inition of a Lie algebra. For this, we follow [012000].
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AT A<QO

A>0

/

Y+

Figure 1.9: The flows corresponding to exponentiation of the Hamiltonian ma-
trices with parameters (w,7,7) € R® are divided into three families of orbits
defined by the sign of the discriminant A = w? —~2 — 72, These three families of
orbits are hyperbolic (A < 0), parabolic (A = 0) and elliptic (A > 0). The action
by matrix conjugation of a symplectic matrix on a Hamiltonian matrix changes
the parameters (w,~,7) € R?, while preserving the value of the determinant A.

1.7 Lie algebras

1.7.1 Definitions

Definition 1.7.1 A Lie algebra is a vector space g together with a
bilinear operation

[ ]:exg—g,
called the Lie bracket for g, that satisfies the defining properties:
(a) Bilinearity, e.g.,
l[au+bv, w] =alu, w] +b[v, W],
for constants (a,b) € R and any vectors (u,v,w) € g;

(b) Skew symmetry
[ua W] = _[W7 11];
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(¢) Jacobi identity
[uv [V7 W]]+[Vﬂ [W7 u]]+[w7 [u7VH =0,

for allu,v,w in g.

1.7.2 Structure constants

Suppose g is any finite dimensional Lie algebra. The Lie bracket
for any choice of basis vectors {ei, ..., e,} of g must again lie in
g. Thus, constants cfj exist 4,7,k =1,2,...,r, called the structure
constants of the Lie algebra g, such that

[ei, ej] :cfjek. (1.7.1)

Since the {eq, ..., e,} form a vector basis, the structure constants
in (1.7.1) determine the Lie algebra g from the bilinearity of the
Lie bracket. The conditions of skew symmetry and the Jacobi iden-
tity place further constraints on the structure constants. These con-
straints are:

(i) Skew symmetry

k k
Cji = — Cij» (1.7.2)
and
(ii) Jacobi identity
cijcik + clici + ik = 0. (1.7.3)

Conversely, any set of constants ci-“j that satisfy relations (1.7.2) and
(1.7.3) defines a Lie algebra g.

Exercise. Prove that the Jacobi identity requires the
relation (1.7.3). *

Answer. The Jacobi identity involves summing three terms of the
form,
(e, [ei,e]]= cfj[el, ey = cfjcf,zem.
Summing over the three cyclic permutations of ([, i, j) of this expres-
sion yields the required relation (1.7.3) among the structure constants
for the Jacobi identity to hold.
A
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1.7.3 Commutator tables

A convenient way to display the structure of a finite dimensional
Lie algebra is to write its commutation relations in tabular form.
If g is an r-dimensional Lie algebra and {ey, ..., e,} forms a basis
of g, then its commutator table will be the r x r array whose
(4, 7)-th entry expresses the Lie bracket [e;, e;]. Commutator tables
are always antisymmetric since [e;, ;] = —[e;, e;]. Hence, the
diagonal entries all vanish. The structure constants may be easily
read off the commutator table, since cfj is the coeflicient of ey in the
(i,7)-th entry of the table.

For example, the commutator table of the Hamiltonian matrices

in equation (1.6.7) is given by

[' ) ] mi ma ms3
] 1k . ma 0 4m3 2m1
[mi, mj] = ciyme = - Cdms 0 —2my (1.7.4)
ms3 —2m1 ng 0

The structure constants are immediately read off the table as

3 _ 3 1 2 _o_ 2 _ 1
Clg=4=—Cy, Cj3=C3=2=—cj3=—c3,

and all the other cfj’s vanish.

Proposition 1.7.2 (Structure constants for sp(2,R))

The commutation relations in (1.6.7) for the 2 x 2 Hamiltonian ma-
trices define the structure constants for the symplectic Lie algebra
sp(2,R).

Proof. The exponentiation of the Hamiltonian matrices was shown
in Theorem 1.5.3 of Section 1.5.1 to produce the symplectic Lie
group, Sp(2,R). Likewise, the tangent space at the identity of the
symplectic Lie group Sp(2, R) is the symplectic Lie algebra, sp(2, R),
a vector space whose basis may be chosen as the 2 x 2 Hamiltonian
matrices. Thus, the commutation relations among these matrices
yield the structure constants for sp(2,R) in this basis. |
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1.7.4 Poisson brackets among axisymmetric variables

Theorem 1.7.3 The canonical Poisson brackets among the azxisym-
metric variables X1, Xo and X3 in (1.4.5) close among themselves,

{X1, X0} =4X3, {Xo, X3} =-2Xy, {X3,X1}=-2X;.

In tabular form, this is

{,} X1 Xo X3
X 0 4X; 2X,
e - I ] (1.7.5)
X3 —2X7 2X5 0

Proof. The proof is a direct verification using the chain rule for
Poisson brackets,

0X; 0X;
Xi, X} = — = 1.7.6
{ I3 ]} 82’,4 {ZAa ZB} aZA ) ( )
for the invariant quadratic monomials X;(z4) in (1.4.5). Here one

denotes z4 = (qa,pa), with A =1,2,3. ]

Remark 1.7.4 The closure in the Poisson commutator table (1.7.5)
among the set of axisymmetric phase space functions (X1, Xo, X3) is
possible, because these functions are all quadratic monomials in the
canonical variables. That is, the canonical Poisson bracket preserves
the class of quadratic monomials in phase space.

Summary 1.7.5 The 2 x 2 traceless matrices mi, mo and ms in
equation (1.6.7) provide a matriz commutator representation of the
Poisson bracket relations in equation (1.7.5) for the quadratic mono-
mials in phase space, X1, Xo and X3, from which the matrices mq,
mo and mg were derived. Likewise, the 2 x 2 symplectic matrices
Mi(11), Ma(12) and Ms(73) provide a matrix representation of the
transformations of the phase space vector (q,p)’. These transfor-
mations are generated by integrating the characteristic equations of
the Hamiltonian vector fields { -, X1}, {-, Xo} and {-, X3}.
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1.7.5 Non-canonical R? Poisson bracket for ray optics

The canonical Poisson bracket relations in (1.7.5) may be used to
transform to another Poisson bracket expressed solely in terms of
the variables X = (X1, X2, X3) € R? by using the chain rule again,

dF oF OH
E_{F’H}_TX,-{X“ Xj}é)in‘ (1.7.7)

Here, the quantities {X;, X;}, with ¢,j = 1,2,3, are obtained from
Poisson commutator table in (1.7.5).

This chain rule calculation reveals that the Poisson bracket in the
R3 variables (X1, X2, X3) repeats the commutator table [m;, m;] =
cfjmk for the Lie algebra sp(2,R) of Hamiltonian matrices in (1.7.4).
Consequently, we may write this Poisson bracket equivalently as

. OF OH

FHY =X, —— 2
U HY = Xel 5%, 0%,

(1.7.8)

In particular, the Poisson bracket between two of these quadratic-
monomial invariants is a linear function of them

{(Xi, X;} = 5 Xa, (1.7.9)
and we also have
(X0, {Xi, X33} = X0, Xih = i Xom (1.7.10)

Hence, the Jacobi identity is satisfied for the Poisson bracket (1.7.7)
as a consequence of

{X0, { X5, X5 +{X, X5, Xy +{X, {(X0, X))
= i { X0, Xi} + G{ X, Xi} + i { X, Xi)
= (CZ'CZTZ + C;?ZC?I; + CZC?/Z)Xm = 0,

followed by comparison with equation (1.7.3) for the Jacobi identity
in terms of the structure constants.
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Remark 1.7.6 This calculation for the Poisson bracket (1.7.8) pro-
vides an independent proof that it satisfies the Jacobi identity.

The chain rule calculation (1.7.7) also reveals the following.
Theorem 1.7.7 Under the map
T*R? - R*: (q,p) — X = (X1, X2, X3), (1.7.11)
the Poisson bracket among the axisymmetric optical variables (1.4.5)
Xi=la*>0, Xo=|p>0, Xz=p-q,
may be expressed for S* = X1 Xo — X2 as

F
d—:{F,H} = VF.VS*xVH

dt
98 9F oH
0x, “U*ox; 90X,

(1.7.12)

Proof. This is a direct verification using formula (1.7.7). For exam-
ple,

052 052 05?2
26193 = = —4X3, 2e32- =2X1, 26€31-5 = —2Xo.
€123 09X 3, 2€132 X, 1, 4€231 aX; 2
(The inessential factors of 2 may be absorbed into the definition of
the independent variable, which here is the time, t.) [

The standard symbol €, used in the last relation in (1.7.12) to
write the triple scalar product of vectors in index form is defined as
follows.

Definition 1.7.8 (Antisymmetric symbol eg,,,)

The symbol €gp,, with €103 = 1 is the totally antisymmetric tensor
in three dimensions: it vanishes if any of its indices are repeated
and it equals the parity of the permutations of the set {1,2,3} when
{k,l,m} are all different. That is,

€xkm = 0 (no sum)
and

€xim = +1 (resp. —1) for even (resp. odd) permutations of {1,2,3}.
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Remark 1.7.9 For three-dimensional vectors A, B, C, one has

(B X C)l = EklmBan and (A X (B X C)) = eijkAjEklmBlCm

%

Hence, the relation
€ijk€kim = 0i10jm — Oim0ji

verifies the familiar BAC minus CAB rule for the triple vector prod-
uct. That is,

Ax(BxC)=B(A-C)-C(A-B).

Corollary 1.7.10 The equations of Hamiltonian ray optics in az-
isymmetric translation-invariant media may be expressed with H =
H(X1,X5) as

X =VS?xVH, with §*=XX,—X2>0. (1.7.13)

Thus, the flow preserves volume (that is, it satisfies divX = 0) and
the evolution along the curve X(z) € R® takes place on intersec-

tions of level surfaces of the axisymmetric media invariants S* and
H(Xl, X2) m RB.

Remark 1.7.11 The Petzval invariant S* satisfies {S*>, H} = 0
with the bracket (1.7.12) for every Hamiltonian H(X1, X9, X3) ex-
pressed in these variables.

Definition 1.7.12 (Casimir, or distinguished function)

A function that Poisson-commutes with all other functions on a
certain space is the Poisson bracket’s Casimar, or distinguished
function.

1.8 Equilibrium solutions

1.8.1 Energy-Casimir stability

Remark 1.8.1 (Critical energy plus Casimir equilibria)
A point of tangency of the level sets of Hamiltonian H and Casimir
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S2? is an equilibrium solution of equation (1.7.13). This is because, at
such a point, the gradients of the Hamiltonian H and Casimir S* are
collinear; so the right-hand side of (1.7.13) vanishes. At such points
of tangency, the variation of the sum He = H + ®(S?) vanishes, for
some smooth function ®. That is,

SHy(X.) = DHp(X.) 0X
= |vE+ <1>’(52)vs2]x 65X =0,

when evaluated at equilibrium points X, where the level sets of H
and S? are tangent.

Exercise. Show that a point X, at which Hg has a crit-
ical point (i.e., §Hp = 0) must be an equilibrium solution
of equation (1.7.13). *

Energy-Casimir stability of equilibria

The second variation of the sum He = H+®(S?) is a quadratic form
in R3 given by

6%Hg(X.) = 06X - D?*Hg(X,) - 6X.

Thus we have, by Taylor’s theorem,
1
Hy (X, +6X) — Hp(X.) = 5(5215&1)()(6) +o(|6X|?),

when evaluated at the critical point X.. Remarkably, the quadratic
form 02 Hg (X, ) is the Hamiltonian for the dynamics linearised around
the critical point. Consequently, the second variation 6?Hg is pre-
served by the linearised dynamics in a neighbourhood of the equilib-
rium point.

Exercise. Linearise the dynamical equation (1.7.13) about
an equilibrium X, for which the quantity He has a criti-
cal point and show that the linearised dynamics conserves
the quadratic form arising from the second variation.
Show that the quadratic form is the Hamiltonian for the
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linearised dynamics.

What is the corresponding Poisson bracket?

Does this process provides a proper bracket for the lin-
earised dynamics? Prove that it does. *

The signature of the second variation provides a method for

determining the stability of the critical point. This is the energy-
Casimir stability method. This method is based on the following.

Theorem 1.8.2 A critical point X, of He = H + ®(S?) whose
second variation is definite in sign is a stable equilibrium solution
of equation (1.7.13).

Proof. A critical point X, of Hp = H +®(5?) is an equilibrium
solution of equation (1.7.13). Sign definiteness of the second vari-
ation provides a norm ||0X]|? = |62 Hy (X, )| for the perturbations
around the equilibrium X, that is conserved by the linearised dy-
namics. Being conserved by the dynamics linearised around the
equilibrium, this sign-definite distance from X, must remain con-
stant. Therefore, in this case, the absolute value of sign-definite
second variation |02Hg(X,)| provides a distance from the equi-
librium ||§X]|? which is bounded in time under the linearised
dynamics. Hence, the equilibrium solution is stable.

Remark 1.8.3 FEven when the second variation is indefinite, it is
still linearly conserved. However, an indefinite second variation does
not provide a norm for the perturbations. Consequently, an indefinite
second variation does not limit the growth of a perturbation away
from its equilibrium.

Definition 1.8.4 (Geometrical nature of equilibria)
An equilibrium whose second variation is sign-definite are called el-
liptic, because the level sets of the second wvariation in this case
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make closed, nearly elliptical contours in its Fuclidean neighbour-
hood. Hence, the orbits on these closed level sets remain near the
equilibria in the sense of the Buclidean norm on R3. (In R3 all
norms are equivalent to the Fuclidean norm.)

An equilibrium with sign-indefinite second variation is called hy-
perbolic, because the level sets of the second variation do not close
locally in its Fuclidean neighbourhood. Hence, in this case, an initial
perturbation following a hyperbolic level set of the second variation
may move out of the Euclidean neighbourhood of the equilibrium.

1.9 Momentum maps

1.9.1 The action of Sp(2,R) on T*R? ~ R? x R?

The Lie group Sp(2,R) of symplectic real matrices M (s) acts diag-
onally on z = (q, p)? € T*R? by matrix multiplication as

z(s) = M(s)z(0) = exp(s£)z(0),

in which M(s)JM7T(s) = J is a symplectic 2 x 2 matrix. The 2 x 2
matrix tangent to the symplectic matrix M (s) at the identity s =0
is given by
¢ = [M’(S)M_l(s) .
s=
This is a 2 x 2 Hamiltonian matrix in sp(2,R), satisfying
EJ+JE=0 sothat JEJ =¢€. (1.9.1)
Exercise. Verify (1.9.1), cf. (1.6.8). *

The vector field &y/(z) € TR? may be expressed as a derivative,

() = 5 [exp(s)7]|_ = €5,

s=0

in which the diagonal action (£z) of the Hamiltonian matrix ()
and the 2-component real multi-vector z = (q, p)T has components
(Ewaq, )T, with k, 1 = 1,2. The matrix ¢ is any linear combination
of the traceless constant Hamiltonian matrices (1.6.5).
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Definition 1.9.1 (Map J : T*R? ~ R? x R? — sp(2,R)*)
The map, J : T*R? ~ R? x R? — sp(2,R)* is defined by

¢ —
J (Z) T <j(Z), €>sp(2,R)*><3p(27R)

- (Z7 JgZ)R2><R2
= z(Jma
= gzl JEz

~ tr((zoa" ), (1.9.2)
where z = (q, p)T € R? x R2.
Remark 1.9.2 The map J(z) given in (1.9.2) by
J(z) = (z@27J) € sp(2,R)*, (1.9.3)

sends z = (q, p)T € R2 xR? to J(z) = (z® 2z’ J), which is an
element of sp(2,R)*, the dual space to sp(2,R). Under the pairing
(-,) : sp(2,R)* x sp(2,R) — R given by the trace of the matric
product, one finds the Hamiltonian, or phase space function,

<j(z), g> = tr (J(2)€), (1.9.4)
for J(z) = (z® 2" J) € sp(2,R)* and £ € sp(2,R).

Remark 1.9.3 (Map to axisymmetric invariant variables)
The map, J : T*R? ~ R? x R? — sp(2,R)* in (1.9.2) for Sp(2,R)
acting diagonally on R? x R? in equation (1.9.3) may be expressed in
matriz form as

J = (Z®ZTJ)

_ 2(p-q —|Q|2>
- 2
pl* —-p-q
X3 — X,
2<X2 _X3>. (1.9.5)

This is none other than matriz form of the map (1.7.11) to axisym-
metric invariant variables.

T*RQ — R?) : (q, p)T - X = (X17X27X3)7
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defined as
Xi=1]q?>0, X;=[p>0, Xs=p-q. (1.9.6)
Applying the momentum map J to the vector of Hamiltonian ma-

trices m = (my, ma, mg) in equation (1.6.5) yields the individual
components,

1
J -m=2X <~ X = 5 Zk(Jm)klZl . (197)
Thus, the map, J : T*R? ~ R%? x R? — sp(2,R)* recovers the
components of the vector X = (X1, Xo, X3) that are related to the

components of the Petzval invariant by S? = X1 Xo — X3.

Exercise. Verify equation (1.9.7) explicitly by comput-
ing, for example,

(@ p) ) ()

_ ;(q,P)'((l) _01><—02 8)(2)

= .

X, =

DO | =

Remark 1.9.4 (Momentum maps for ray optics)

Our previous discussions have revealed that the axisymmetric
variables (X1, X2, X3) in (1.9.6) generate the Lie group of sym-
plectic transformations (1.6.3) as flows of Hamiltonian vector
fields. It turns out that this result is connected to the theory of
momentum maps. Momentum maps take phase space coordi-
nates (q, p) to the space of Hamiltonians whose flows are canon-
ical transformations of phase space. An example of a momentum
map already appeared in Definition 1.53.18.
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The Hamiltonian functions for the one-parameter subgroups
of the symplectic group Sp(2,R) in the KAN decomposition
(1.6.13) are given by

1
Hy = 5(;(1 +X3), Hi=X3 and Hy=-X;. (1.9.8)
The three phase space functions,

1
Hi = 3(a+Ip), Ha=q:-p. Hy=—ld? (19.)

map the phase space (q, p) to these Hamiltonians whose cor-
responding Poisson brackets are the Hamiltonian vector fields
for the corresponding one-parameter subgroups. These three
Hamiltonians and, equally well, any other linear combinations
of (X1,Xo,X3), arise from a single momentum map, as we
shall explain in Section 1.9.2.

Remark 1.9.5 Momentum maps are Poisson maps. That is,
they map Poisson brackets on phase space into Poisson brackets
on the target space.

The corresponding Lie algebra product in sp(2,R) was iden-
tified using Theorem 1.7.7 with the vector cross product in the
space R3 by using the R3-bracket. The R3-brackets among the
(X1, X9, X3) closed among themselves. Therefore, as expected,
the momentum map was found to be Poisson. In general, when
the Poisson bracket relations are all linear, they will be Lie-
Poisson brackets, defined below in Section 1.10.1.

1.9.2 Summary: Properties of momentum maps

A momentum map takes phase space coordinates (q, p) to the space
of Hamiltonians, whose flows are canonical transformations of phase
space. The ingredients of the momentum map are: (i) a represen-
tation of the infinitesimal action of the Lie algebra of the trans-
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formation group on the coordinate space; and (ii) an appropriate
pairing with the conjugate momentum space. For example, one may
construct a momentum map by using the familiar pairing (-, -))
between momentum in phase space and the velocity in the tangent
space of the configuration manifold that also appears in the Legen-
dre transformation. For this pairing, the momentum map is derived
from the cotangent lift of the infinitesimal action &3/(q) of the Lie
algebra of the transformation group on the configuration manifold to
its action on the canonical momentum. In this case, the formula for
the momentum map J(q, p) is

T8a.p) = (I(a ). §) = (p. w(@)). (1.9.10)

in which the other pairing (-, -) is between the Lie algebra and its
dual. This means the momentum map J for the Hamiltonian J 3
lives in the dual space of the Lie algebra belonging to the Lie sym-
metry. The flow of its vector field X ;¢ = {-, J°} is the transfor-
mation of phase space by the cotangent lift of a Lie group symmetry
infinitesimally generated for configuration space by £37(q). The com-
putation of the Lagrange invariant S in (1.3.23) is an example of this
type of momentum map.

Not all momentum maps arise as cotangent lifts. Momentum
maps may also arise from the infinitesimal action of the Lie algebra
on the phase space manifold &p+ps(z) with z = (q, p) by using the
pairing with the symplectic form. The formula for the momentum
map is then

T (z) = <J(Z), §> = (z, JfT*M(Z)) , (1.9.11)

where J is the symplectic form and (-, -) is the inner product on
phase space T*R ~ R x R for n degrees of freedom. The transfor-
mation to axisymmetric variables in (1.9.5) is an example of a mo-
mentum map obtained from the symplectic pairing. Both of these
approaches are useful and we have seen that both types of momentum
maps are summoned when reduction by S! axisymmetry is applied
in ray optics. The present chapter explores the consequences of S*
symmetry and the reductions of phase space associated with the mo-
mentum maps for this symmetry.
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The level sets of the momentum maps provide the geometrical
setting for dynamics with symmetry. The components of the mo-
mentum map live on the dual of the Lie symmetry algebra, which
is a linear space. The level sets of the components of the momen-
tum map provide the natural coordinates for the reduced dynamics.
Thus, the motion takes place in a reduced space whose coordinates
are invariant under the original S' symmetry. The motion in the
reduced space lies on a level set of the momentum map for the S*
symmetry. It also lies on a level set of the Hamiltonian. Hence, the
dynamics in the reduced space of coordinates that are invariant un-
der the S' symmetry is confined to the intersections in the reduced
space of the level sets of the Hamiltonian and the momentum map
associated with that symmetry. Moreover, in most cases, restriction
to either level set results in symplectic (canonical) dynamics.

After the solution for this S'-reduced motion is determined, one
must reconstruct the phase associated with the S' symmetry, which
decouples from the dynamics of the rest of system through the pro-
cess of reduction. Thus, each point on the manifolds defined by the
level sets of the Hamiltonian and the momentum map in the reduced
space is associated with an orbit of the phase on S'. This S' phase
must be reconstructed from the solution on the reduced space of S'-
invariant functions. The reconstruction of the phase is of interest
in its own right, because it contains both geometric and dynamic
components, as discussed in Section 1.12.2.

One advantage of this geometric setting is that it readily reveals
how bifurcations arise under changes of parameters in the system,
for example, under changes in parameters in the Hamiltonian. In
this setting, bifurcations are topological transitions in the intersec-
tions of level surfaces of orbit manifolds of the Hamiltonian and
momentum map. The motion proceeds along these intersections in
the reduced space whose points are defined by S'-invariant coordi-
nates. These topological changes in the intersections of the orbit
manifolds accompany qualitative changes in the solution behaviour,
such as the change of stability of an equilibrium, or the creation or
destruction of equilibria. The display of these changes of topology in
the reduced space of S'-invariant functions also allows a visual clas-
sification of potential bifurcations. That is, it affords an opportunity
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to organise the choreography of bifurcations that are available to
the system as its parameters are varied. For an example of this type
of geometric bifurcation analysis, see Section 4.5.5.

Remark 1.9.6 The two results:

(1) that the action of a Lie group G with Lie algebra g on a symplectic
manifold P should be accompanied by a momentum map J : P — g*;
and

(2) that the orbits of this action are themselves symplectic manifolds,
both occur already in [Liel1890]. See [Wel983] for an interesting
discussion of Lie’s contributions to the theory of momentum maps.

The reader should consult [MaRal1994, OrRa2004] for more dis-
cussions and additional examples of momentum maps.

1.10 Lie-Poisson brackets

1.10.1 The R3-bracket for ray optics is Lie-Poisson

The Casimir invariant S? = X; X2 — X2 for the R3-bracket (1.7.12)
is quadratic. In such cases, one may write the Poisson bracket on R3
in the suggestive form with a pairing (-, - ),

OF OH OF OH
{F.H} = - X5 Lox, = <X [a > D (1.10.1)

where cfj with 4,7,k = 1,2, 3 are the structure constants of a three-
dimensional Lie algebra operation denoted as [, -]. In the particular
case of ray optics, ¢35 = 4, ¢33 = 2, ci; = 2 and the rest of the
structure constants either vanish, or are obtained from antisymmetry
of cfj under exchange of any pair of its indices. These values are
the structure constants of the 2 x 2 Hamiltonian matrices (1.6.5),
which represent any of the Lie algebras sp(2,R), so(2,1), su(1,1), or
sl(2,R). Thus, the reduced description of Hamiltonian ray optics in
terms of axisymmetric R? variables may be defined on the dual space
of any of these Lie algebras, say, sp(2,R)* for definiteness, where
duality is defined by pairing (-, -) in R3 (contraction of indices).
Since R? is dual to itself under this pairing, upper and lower indices
are equivalent.
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Definition 1.10.1 (Lie-Poisson bracket)

A Lie-Poisson bracket is a bracket operation defined as a linear
functional of a Lie algebra bracket by a real-valued pairing between a
Lie algebra and its dual space.

Remark 1.10.2 Equation (1.10.1) defines a Lie-Poisson bracket.
Being a linear functional of an operation (the Lie bracket |-, -])
which satisfies the Jacobi identity, any Lie-Poisson bracket also sat-
isfies the Jacobi identity.

1.10.2 Lie-Poisson brackets with quadratic Casimirs

An interesting class of Lie-Poisson brackets emerges from the R3
Poisson bracket,

{F,H}¢c :=—VC-VF xVH, (1.10.2)

when its Casimir is the quadratic form on R? given by C' = %XT -KX
associated with the 3 x 3 symmetric matrix KT = K. This bracket
may be written equivalently in various notations, including index
form, R? vector form, and Lie-Poisson form, as

{F,H}x = —-VC-VFxVH
— _XlK“‘eijkg;g;Ik
= —X-K(?ixg[;)
S O LA s

Remark 1.10.3 The triple scalar product of gradients in the R3-
bracket (1.10.2) is the determinant of the Jacobian matriz for the
transformation (X1, Xo, X3) — (C,F,H), which is known to sat-
isfy the Jacobi identity. Being a special case, the Poisson bracket
{F, H}k also satisfies the Jacobi identity.

In terms of the R? components, the Poisson bracket (1.10.3) yields

{Xj, Xk}K = —XlKlieijk . (1104)
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The Lie-Poisson form in (1.10.3) associates the R3 bracket to a Lie
algebra with structure constants given in the dual vector basis by

[ej, ek]K = elK“eijk = elcgk . (1.10.5)

The Lie group belonging to this Lie algebra is the invariance group
of the quadratic Casimir. Namely, it is the transformation group Gk
with elements O(s) € Gk with O(t)|;=o = Id whose action from the
left on R? is given by X — OX, such that

OT(t)KO(t) = K (1.10.6)
or, equivalently,
KLOT(t)K=071(t), (1.10.7)

for the 3 x 3 symmetric matrix KT = K. A matrix O(t) satisfying
(1.10.6) is called a quasi-orthogonal matrix with respect to K.
That is, O(t) is the similarity transformation of an orthogonal matrix
by the symmetric matrix K.

These transformations X — OX are not orthogonal, unless K =
Id. However, they do form a Lie group under matrix multiplication,
since for any two of them O; and O2, we have

(0102)TK(0,05) = 0T (0TKO1)0y = OTKO, = K. (1.10.8)

The corresponding Lie algebra gk is the derivative of the defining
condition of the Lie group (1.10.6), evaluated at the identity. This
yields,

0= (070, _K+K[070] .

Consequently, if X = [07'0);=0 € gk, the quantity KX is skew.
That is,

(KX)T = —KX.

A vector representation of this skew matrix is provided by the fol-
lowing hat map from the Lie algebra gk to vectors in R?,

Tigk — R defined by (KX)j = — X;Klejp . (1.10.9)
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When K is invertible, the hat map (~ ) in (1.10.9) is a linear isomor-
phism. For any vectors u, v € R3 with components u/, v*, where
.k =1,2,3, one computes

~

W (KX)o = —X-K(uxv)
= —X:[u, vlk.

This is the Lie-Poisson bracket for the Lie algebra structure repre-
sented on R? by the vector product,

[u, vk = K(ux v). (1.10.10)

Thus, the Lie algebra of the Lie group of transformations of R3 leav-
ing invariant the quadratic form C' = %XT - KX may be identified
with the cross product of vectors in R? by using the K-pairing instead
of the usual dot product. For example, in the case of the Petzval in-
variant we have

0 1
S?=X1X,-X3=X-[10 0 |X.
00

Consequently,

for ray optics, with X = (X1, Xo, X3)7.

Exercise. Verify that inserting this formula for K into
formula (1.10.4) recovers the Lie-Poisson bracket rela-
tions (1.7.5) for ray optics (up to an inessential constant).

*

Hence, we have proved the following theorem.

Theorem 1.10.4 Consider the R?® bracket in equation (1.10.3)

1
{F.H}x:=~VCk VFxVH with Ck=3X KX, (110.11)
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in which KT = K is a 3 x 3 real symmetric matriz and X € R3.
The quadratic form Cg is the Casimir function for the Lie-Poisson
bracket given by

(F,H}x = —-X-K <§}F( X gi) , (1.10.12)
= - <X {gﬁ;, gi] > . (1.10.13)
K

defined on the dual of the three-dimensional Lie algebra gk, whose
bracket has the following vector product representation foru, v € R3,

[u,v]k =K(uxv). (1.10.14)

This is the Lie algebra bracket for the Lie group Gk of transfor-
mations of R3 given by action from the left X — OX, such that
OTKO = K, thereby leaving the quadratic form Ck invariant.

Definition 1.10.5 (The ad and ad* operations)
The adjoint (ad) and coadjoint (ad*) operations are defined for
the Lie-Poisson bracket (1.10.13) with quadratic Casimir, Cx =
%X - KX, as follows.

(X, [u,v]k) = (X,adyv)=(ad;,; X, v) (1.10.15)

KX - (uxv)=(KXxu)-v.

Thus, we have explicitly,

adyv =K(uxv) and adyX=—-uxKX. (1.10.16)

These definitions of the ad and ad* operations yield the following
theorem for the dynamics.

Theorem 1.10.6 (Lie-Poisson dynamics)
The Lie-Poisson dynamics (1.10.12) - (1.10.13) is expressed in
terms of the ad and ad® operations by

oF

dF
%:{Fv Hik = <X,adaH/ax8X>

. OF
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so that the Lie-Poisson dynamics expresses itself as coadjoint
motion,
dX OH

By construction, this equation conserves the quadratic Casimir,

Ck = 3 X - KX.

Exercise. Write the equations of coadjoint motion (1.10.18)
for K = diag(1,1,1) and H = X7 — X3/2. *

1.11 Divergenceless vector fields

1.11.1 Jacobi identity

One may verify directly that the R bracket in (1.7.12) and in the
class of brackets (1.10.11) does indeed satisfy the defining proper-
ties of a Poisson bracket. Clearly, it is a bilinear, skew-symmetric
form. To show that it is also a Leibnitz operator that satisfies the
Jacobi identity, we identify the bracket in (1.7.12) with the following
divergenceless vector field on R? defined by

Xg={ ,H =VS*xVH -VecX. (1.11.1)

This isomorphism identifies the bracket in (1.11.1) acting on func-
tions on R3 with the action of the divergenceless vector fields X. It
remains to verify the Jacobi identity explicitly, by using the proper-
ties of the commutator of divergenceless vector fields.

Definition 1.11.1 (Jacobi-Lie bracket)
The commutator of two divergenceless vector fields u,v € X is de-
fined to be

[v,w] =[v-V,w-V] = ((V-V)W— (W-V)V) -V. (1.11.2)
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The coefficient of the commutator of vector fields is called the Jacobi-
Lie bracket. It may be written without risk of confusion in the same
notation as

[v,w] = (v-V)w— (w-V)v. (1.11.3)

In Euclidean vector components, the Jacobi-Lie bracket (1.11.3) is
expressed as

[’U, w]i = wi,jvj — Ui,jwj . (1.11.4)

Here, a subscript comma denotes partial derivative, e.g., v; ; =
0v;/0x; and one sums repeated indices over their range; for ex-
ample, 1,7 = 1,2,3, in three dimensions.

Exercise. Show that [v,w];; = 0 for the expression in
(1.11.4); so the commutator of two divergenceless vector
fields yields another one. *

Remark 1.11.2 (Interpreting commutators of vector fields)
We may interpret a smooth vector field in R? as the tangent at the
identity (¢ = 0) of a one-parameter flow ¢. in R? parameterised by
€ € R and given by integrating

d

0
de =vi(x)

=0 690,

(1.11.5)

The characteristic equations of this flow are

= vi(x(€)), so that E

=vi(x), 1=1,2,3. (1.11.6)
e=0

Integration of the characteristic equations (1.11.6) yields the solution
for the flow x(€) = ¢ex of the vector field defined by (1.11.5), whose
initial condition starts from x = x(0). Suppose the characteristic
equations for two such flows parameterised by (e,0) € R are given
respectively by,

dl‘i
de

=vi(x(e)) and Cf;:;’ = w;(x(0)).
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The difference of their cross derivatives evaluated at the identity
yields the Jacobi-Lie bracket,

d|  dx d| de;  d d
% e=0 do lo=0 B % o=0 de le=0 - del(X(e)) e=0 dO'Ul(X(O—)) o=0
_ Ow; dx; - ov; dx;
- aJIj de =0 8:cj do =0

= Wi jUj — Vi jW;

= [v,w];.

Thus, the Jacobi-Lie bracket of vector fields is the difference between
the cross-derivatives with respect to their corresponding characteristic
equations, evaluated at the identity. Of course, this difference of cross
derivatives would vanish if each derivative were not evaluated before
taking the next one.

The composition of Jacobi-Lie brackets for three divergenceless
vector fields u, v, w € X has components given by

[u, [v,w]], = upvjw; s + URVj RWEG — URW; RV

— URW;V; jk — VjW jUi |k + WiV, jU; & - (1.11.7)
Equivalently, in vector form,

[u,[v,w]] = uv: VVw +u- Vvl - Vw! —u-Vvw! . Vvl

—uw : VVv —v -Vw! . Vul + w Vvl .vul.

Theorem 1.11.3 The Jacobi-Lie bracket of divergenceless vector fields
satisfies the Jacobi identity,

[u, [v,w]] + [v, [w,u] ] + [w, [u,v]] =0. (1.11.8)

Proof. Direct verification using (1.11.7) and summing over cyclic
permutations. ]

Exercise. Prove Theorem 1.11.3 in streamlined notation
obtained by writing

[0, w] = v(w) —w(v),

and using bilinearity of the Jacobi-Lie bracket. *
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Lemma 1.11.4 The R3-bracket (1.7.12) may be identified with the
divergenceless vector fields in (1.11.1) by

(Xa, Xul = -Xcny . (1.11.9)
where [X¢, X is the Jacobi-Lie bracket of vector fields X and Xp.

Proof. Equation (1.11.9) may be verified by a direct calculation,

(Xa, Xu] = XeXg—XgXg
= {G,-HH, -} -{H, HG, -}
{G,{H, -} —{H.{G, - }}
= {{Gv H}v } = _X{G,H}'

Remark 1.11.5 The last step in the proof of Lemma 1.11.4 uses the
Jacobi identity for the class of R3-brackets in equation (1.10.2).

1.11.2 Geometric forms of Poisson brackets
Determinant & wedge-product forms of the canonical bracket

For one degree of freedom, the canonical Poisson bracket {F, H}
is the same as the determinant for a change of variables (¢,p) —

(F(q,p), H(g:p)),

OF 9H OH OF O(F, H)
FH) = ——— — det . 1.11.10
{1} = dq dp  9dq Ip d(q,p) ( )

This may be written in terms of the differentials of the functions
(F(q,p),H(q,p)) defined as

oF oF OH OH
dF = —d —d d dH = —d —d 1.11.11
by writing the canonical Poisson bracket {F, H} as a phase space
density

F H
dF/\dH:detaa((’ ))dq/\dp:{F,H}dq/\dp. (1.11.12)
q,p
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Here the wedge product A in dF AdH = —dH A dF is introduced to
impose the antisymmetry of the Jacobian determinant under inter-
change of its columns.

Definition 1.11.6 (Wedge product of differentials)
The wedge product of differentials (dF,dG,dH) of any smooth func-
tions (F,G, H) is defined by its following three properties.

(i) A is anticommutative: dF N dG = —dG N dF;
(ii) A is bilinear: (adF 4+ bdG) NdH = a(dF NdH) + b(dG N dH);
(iii) A is associative: dF' N (dG NdH) = (dF NdG) NdH.

Remark 1.11.7 These are the usual properties of area elements and
volume elements in integral calculus. These properties also apply in
computing changes of variables.

Exercise. Verify formula (1.11.12) from equation (1.11.11)
and the linearity and antisymmetry of the wedge product,
so that, e.g., dg A dp = —dp A dq and dg A dg = 0.

*

Determinant & wedge-product forms of the R3-bracket

The R3-bracket in equation (1.7.12) may also be rewritten equiva-
lently as a Jacobian determinant, namely,

9(S% F, H)

FH}=-VS? VFxVH=— —2"""_ (1.11.13
{ } (X1, X2, X3) ( )
where

O(Fy, Fy, F3) OF

haSELLE LL VA — . 1.11.14

B0y, X, %) 9\ 5% ( )

The determinant in three dimensions may be defined using the anti-
symmetric tensor symbol €;; as

aF> _ ., OFuOF, OF, (1.11.15)

udet (oo Hadh Olc
ijk €€ <8X 09X, 0X; 0X,
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where, as mentioned earlier, we sum on repeated indices over their
range. We shall keep track of the antisymmetry of the determinant
in three dimensions by using the wedge product (N\)

F
det <g}(> dX1 NdXo ANdXs =dFy ANdFy AN dF3. (1.11.16)

Thus, the R3-bracket in equation (1.7.12) may be rewritten equiva-
lently in wedge-product form as

{F, H}Xm/\dXQ/\ng = —(VSQ'VFXVH)Xm/\dXQ/\ng
—dS?* NdF NdH .

Poisson brackets of this type are called Nambu brackets, since
[Na1973] introduced them in three dimensions. They can be gen-
eralised to any dimension, but this requires additional compatibility
conditions [Tal1994].

1.11.3 Nambu brackets

Theorem 1.11.8 (Nambu brackets [Nal1973])
For any smooth functions F H € F(R3) of coordinates X € R3 with
volume element d®X, the Nambu bracket

{F, H} : F(R®) x F(R3) — F(R?)
defined by

{F,H}d®*X = —-VC-VFxVHd*X
—dC ANdF NdH , (1.11.17)

possesses the properties (1.3.4) required of a Poisson bracket for any
choice of distinguished smooth function C : R?® — R.

Proof. The bilinear skew-symmetric Nambu R? bracket yields the
divergenceless vector field

Xy={,h}=VCxVH-V,

in which

div (VC x VH) =0.
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Divergenceless vector fields are derivative operators that satisfy the
Leibnitz product rule and the Jacobi identity. These properties hold
in this case for any choice of smooth functions C, H € F(R?). The
other two properties — bilinearity and skew symmetry — hold as
properties of the wedge product. Hence, the Nambu R? bracket
in (1.11.17) satisfies all the properties required of a Poisson bracket
specified in Definition 1.3.4. [

1.12 (Geometry of solution behaviour

1.12.1 Restricting axisymmetric ray optics to level sets

Having realised that the R3-bracket in equation (1.7.12) is associated
to Jacobian determinants for changes of variables, it is natural to
transform the dynamics of the axisymmetric optical variables (1.4.5)
from three dimensions (X7, Xo, X3) € R3 to one of its level sets
S? > 0. For convenience, we first make a linear change of Cartesian
coordinates in R3 that explicitly displays the axisymmetry of the
level sets of S? under rotations, namely,

S? = X1 Xy - X3 =Y?2-Y: Y, (1.12.1)
with
1 1
Y1=§(X1+X2), Y2=§(X2—X1), Y3 = X3.

In these new Cartesian coordinates (Y7, Y2, Y3) € R3, the level sets
of S? are manifestly invariant under rotations about the Yj-axis.

Exercise. Show that this linear change of Cartesian co-
ordinates preserves the orientation of volume elements,
but scales them by a constant factor of one-half. That is,
show

1
{F, H}le/\dYVQ/\deg,Zi{F, H}Xm/\dXQ/\ng.

The overall constant factor of one-half here is unimpor-
tant, because it may be simply absorbed into the units of
axial distance in the dynamics induced by the R3-bracket
for axisymmetric ray optics in the Y-variables. *
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Each of the family of hyperboloids of revolution in (1.12.1)
comprises a layer in the “hyperbolic onion” preserved by axisym-
metric ray optics. We use hyperbolic polar coordinates on these
layers in analogy to spherical coordinates,

Yy =Scoshu, Yo = Ssinhucosy, Y3=Ssinhusiny.
(1.12.2)
The R3-bracket (1.7.12) thereby transforms into hyperbolic co-
ordinates (1.12.2) as

{F, H} dY1 NdYa NdY3 = —{F, H}hypers S2dS Adi Adcoshu.
(1.12.3)
Note that the oriented quantity

S%dcoshu A dip = —S%dip A dcoshu,

is the area element on the hyperboloid corresponding to the
constant S2.

On a constant level surface of S? the function {F, H Yhyperd
only depends on (coshu,)) so the Poisson bracket for optical
motion on any particular hyperboloid is then

{F, H}d®Y = —S%*dSAdFAdH (1.12.4)
= —S?dS N{F, H}pyperv d A dcoshu,

with

{F, H}hypers = <(‘)¢8c05hu ~ Ocoshu Oy

oF OH OH OF >

Being a constant of the motion, the value of S? may be absorbed
by a choice of units for any given initial condition and the Poisson
bracket for the optical motion thereby becomes canonical on
each hyperboloid,

i OH
W HYpery = —2 1.12.5
dz (W, H} hypers Ocoshu ( )
d cosh H
cosu {coshu, H}pypery = 0 (1.12.6)

dz e

73
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In the Cartesian variables (Y7,Y2,Y3) € R3, one has coshu =
Y1/S and ¢ = tan"!(Y3/Y3). In the original variables,

2X3

X1+ Xo _2X5
Xo— Xy~

59 and ¢ =tan~!

coshu =
Example 1.12.1 For a parazial harmonic guide, whose Hamil-
tonian 1s,

1 1
H=(lp* +la*) = 5 (X1 + X2) =11, (1.12.7)

the ray paths consist of circles cut by the intersections of level
sets of the planes Y1 = const with the hyperboloids of revolution
about the Yi-axis, given by S? = const.

The dynamics for Y € R3 is given by

Y={Y H =Vy$*xY1=2Y1 xY, (1.12.8)

on using the (1.12.1) to transform the R® bracket in (1.7.12).
Thus, for the parazial harmonic guide, the rays spiral down the
optical azis following circular helices whose radius is determined
by their initial conditions.

Exercise. Verify that equation (1.12.3) transforms the
R3-bracket from Cartesian to hyperboloidal coordinates,
by using the definitions in equations (1.12.2). *

Exercise. Reduce {F, H }pypery to the conical level set
S =0. *

Exercise. Reduce the R? dynamics of (1.7.12) to level
sets of the Hamiltonian

H=aX| +bXs+cXs,

for constants (a, b, ¢). Explain how this reduction simpli-
fies the equations of motion. *

CHAPTER 1. FERMAT’S RAY OPTICS
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1.12.2 Geometric phase on level sets of S? = pi

In polar coordinates, the axisymmetric invariants are

1
Y, = 2<p? —|—p§,/r2 +r2> ,
Y, — } 2 2,2 2
2 - 2 pr+p¢>/r r 5
Y5 = rp,.

Hence, the corresponding volume elements are found to be

d3Y =: dYi AdYy AdY3
3
= d%/\dcoshu/\dv,b

= dp} Adp, Ndr. (1.12.9)
On a level set of S = pg this implies
Sdcoshu Ady =2dp,. Ndr, (1.12.10)

so the transformation of variables (coshu, ¥) — (p,, r) is canonical
on level sets of S = py.

One recalls Stokes Theorem on phase space

// dpj N dg; 27{ pjda; (1.12.11)
A 04

where the boundary of the phase space area JA is taken around a
loop on a closed orbit. Either in polar coordinates or on an invariant
hyperboloid S = py this loop integral becomes

fp-dqtz ?{pjd%‘ = f(p¢d¢+prdr)

= j{(?dqﬁ—l—coshud?/)).
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Thus we may compute the total phase change around a closed peri-
odic orbit on the level set of hyperboloid S from

53 SB
Fode = oo
— _ngOShUChb + fp -dq . (1.12.12)

Geometric A¢  Dynamic A¢

Evidently, one may denote the total change in phase as the sum

A¢ = Agbgeom + A¢dyn >

by identifying the corresponding terms in the previous formula. By
the Stokes theorem (1.12.11), one sees that the geometric phase as-
sociated with a periodic motion on a particular hyperboloid is given
by the hyperbolic solid angle enclosed by the orbit, times a constant
factor depending on the level set value S = pg. Thus, the name:
geometric phase.

1.13 Singular ray optics in anisotropic media

Every ray of light has therefore two opposite sides. ...
And since the crystal by this disposition or virtue does
not act upon the rays except when one of their sides of
unusual refraction looks toward that coast, this argues a
virtue or disposition in those sides of the rays which an-
swers to and sympathises with that virtue or disposition
of the crystal, as the poles of two magnets answer to one
another. ...

— Newton, Optiks 1704

Some media have directional properties that are exhibited by
differences in the transmission of light in different directions. This
effect is seen, for example, in certain crystals. Fermat’s principle
for such media still conceives light rays as lines in space (i.e., no
polarisation vectors, yet), but the refractive index along the paths
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of the rays in the medium is allowed to depend on both position
and direction. In this case, Theorem 1.1.1 adapts easily to yield
the expected 3D eikonal equation (1.1.9). However, in general, the
Lagrangian in such a description is singular, as we shall explain. The
Euler-Lagrange equation,

d { 0L oL
— = 1.13.1
ds <6r(s)> or(s)’ (1.13.1)
follows from the variational principle,
B
0=10S5= 5/ L(x(s),t(s))ds. (1.13.2)
A

The Lagrangian in the case of an anisotropic optical medium is given
by

L(r(s),t(s)) = n(r(s),r(s)) |t(s)] . (1.13.3)
Here the refractive index is modelled as a function both of position
along the ray r(s) and the ray direction ¥(s), which is a unit vector.
The latter is defined when s is the arclength as

§=1i(s)/|i(s)| with [#]=1. (1.13.4)

Exercise. Show that the variation of the ray direction
in (1.13.4) is related to the variation of the path dr(s) by

5§:‘%‘§x <§><(51"(s)>.

*

The variational principle (1.13.2) with optical Lagrangian (1.13.3)
implies the following 8D eikonal equation for the vector r(s) defin-
ing the ray path,

% (n(r,§)§+ A(r,§)> _ Warf) | (1.13.5)

Here, the anisotropy vector A(r,s) is defined as

on - . On
A= =S (S x %> . (1.13.6)
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The anisotropy vector A is the projection of the vector dn/Or onto
the plane that is normal to I and tangent to the direction sphere
|| = 1.

In the  notation, the 3D optical momentum is defined as

oL
P37 Bi(s)

=n(r,i)r + A(r,1). (1.13.7)

Thus, the 3D optical momentum pj lies in the plane spanned by the
vectors I and dn/0r, and these two vectors are orthogonal because
of the constraint |[f| = 1. The optical momentum is related to the
tangent vector ©:(s) along the ray path r(s) by

n(r,t)f = ps — A(r, 1), (1.13.8)
whose norm is
|ps — A(r,r)| =n(r,i) since ©-A=0. (1.13.9)

Remark 1.13.1 The anisotropy vector is orthogonal to the desired
ray direction and is a prescribed function of it and the position along
the ray path.

Unfortunately, it is not possible to solve for the ray direction r, given
the 3D optical momentum ps and position r. The 3D optical mo-
mentum decomposes conveniently into components which are parallel
and perpendicular to T, as

p3 = n(r, 1) + A(r,f) = p3| + PsL -

However, media for which these functional relations are nontrivial
do not in general admit solutions for the tangent vector r(s) as a
function of (r(s), ps(s)). Thus, the ray direction is not solvable in
general from the optical momentum and ray path.” However, the
3D eikonal equation (1.13.5) still holds and so does its associated
anisotropic Huygens wave front description,

0S(r, 1)
or

5This is an example of a singular, or degenerate, Lagrangian.

=n(r,ir)f + A(r,T),
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whose norm yields the scalar Huygens equation for anisotropic

media,
2

05 =n?(r, i) + |A(r, I")‘2

or

Remark 1.13.2 (Ibn Sahl-Snell law for anisotropic media)
The statement of the Ibn Sahl-Snell law relation at discontinuities of
the refractive index in anisotropic media is rather more involved than
for isotropic media. A break in the direction’s of the ray vector is still
expected at any finite discontinuity in the refractive index n = |n| en-
countered along the ray path r(s). According to the eikonal equation
for anisotropic media (1.13.5) the jump (denoted by A) in 3D optical
momentum across the discontinuity must satisfy the relation

Aps % _ A(n(r,§)§—|—A(r,§)> y %Z ~0. (113.10)
This means the 2D projections of the 3D optical momenta ps and pl
onto the plane of the discontinuity in refractive index will be invariant
across the interface.

Thus, preservation of the components of 3D optical momentum
tangential to the discontinuity still holds, but a difficulty occurs be-
cause the ray direction and optical momentum are no longer co-
linear. Instead, they differ by the anisotropy wvector, which is or-
thogonal to the desired ray direction and also depends as a prescribed
function of ray direction on either side of the discontinuity.

The geometry for determining the refracted ray direction in an
anisotropic medium thus becomes considerably more involved than
the simple Ibn Sahl-Snell law of ray projection for isotropic me-
dia. There does exist a graphical construction (see, e.g., [W02004]),
but its application in the Ibn Sahl-Snell law for construction of the
break in ray direction at a discontinuity in refractive indexr in an
anisotropic medium s problematic, unless the prescribed dependence
of the anisotropy vector on the ray direction is rather simple.

An alternative argument

The loop integral argument in equations (1.1.16) - (1.1.18) reaches
the same conclusion about the difficulty in determining the ray direc-



80 CHAPTER 1. FERMAT’S RAY OPTICS

tions in general at an interface where the refractive indez is discontin-
wous in an anisotopic medium. This argument proceeds by evaluating
the loop integral of the Huygens phase,

f;jVS(r) dr = 7{3 (n(r) + A(r,i‘)) dr =0, (1.13.11)

taken around a closed path P that surrounds a boundary separating
two different media. Letting the sides of the loop perpendicular to
the interface shrink to zero implies that the tangential components
of the momentum vectors must be preserved, in agreement with the
previous argument. Consequently,

((n(r) + A(r, 1)) — (n'(r) + A'(r, r))) xz=0, (1.13.12)

in agreement with equation (1.13.10). If ¥ and ' are the angles of
incident and transmitied momentum directions, measured from
the normal z through the boundary, then preservation of the tangen-
tial components of the momentum vector means that the momentum
vectors must lie in the same plane and the angles ¢ and ) must
satisfy

Vn2 + A%sint = /(n/)? + (A")2siny)’ . (1.13.13)

Relation (1.13.13) determines the angles of incidence and transmis-
ston of the momentum directions. However, in general, it does not
determine the ray directions. The ray directions are not invertible
from the co-planar momentum directions, because the anisotropy vec-
tor in equation (1.13.7) shifts the ray vectors into different planes by
an amount depending on the ray direction itself, not the momentum
direction.

1.14 Ten geometrical features of ray optics

1. The design of axisymmetric planar optical systems reduces to
multiplication of symplectic matrices corresponding to each
element of the system, see Theorem 1.6.4.
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2. Hamiltonian evolution occurs by canonical transformations.
Such transformations may be obtained by integrating the char-
acteristic equations of Hamiltonian vector fields, which are de-
fined by Poisson-bracket operations with smooth functions on
phase space, as in the proof of Theorem 1.5.3.

3. The Poisson bracket is associated geometrically with the Jaco-
bian for canonical transformations in Section 1.11.2. Canonical
transformations are generated by Poisson-bracket operations
and these transformations preserve the Jacobian.

4. A one-parameter symmetry, that is, an invariance under canon-
ical transformations generated by a Hamiltonian vector field
Xpy = {-, py }, separates out an angle, ¢, whose canonically
conjugate momentum py is conserved. As discussed in Section
1.3.2, the conserved quantity ps may be an important bifur-
cation parameter for the remaining reduced system. The dy-
namics of the angle ¢ decouples from the reduced system and
can be determined as a quadrature after solving the reduced
system.

5. Given a symmetry of the Hamiltonian, it may be wise to trans-
form from phase space coordinates to invariant variables as in
(1.4.5). This transformation defines the quotient map, which
quotients out the angle(s) conjugate to the symmetry gen-
erator. The image of the quotient map produces the orbit
manifold, a reduced manifold whose points are orbits under
the symmetry transformation. The corresponding transforma-
tion of the Poisson bracket is done using the chain rule as in
(1.7.6). Closure of the Poisson brackets of the invariant vari-
ables amongst themselves is a necessary condition for the quo-
tient map to be a momentum map, as discussed in Section
1.9.2.

6. Closure of the Poisson brackets among an odd number of in-
variant variables is no cause for regret. It only means that this
Poisson bracket among the invariant variables is not canonical
(symplectic). For example, the Nambu R?® bracket (1.11.17)
arises this way.
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The bracket resulting from transforming to invariant variables
could also be Lie-Poisson. This will happen when the new in-
variant variables are quadratic in the phase space variables, as
occurs for the Poisson brackets among the axisymmetric vari-
ables X1, Xy and X3 in (1.4.5). Then the Poisson brackets
among them are linear in the new variables with constant co-
efficients. Those constant coefficients are dual to the structure
constants of a Lie algebra. In that case, the brackets will take
the Lie-Poisson form (1.10.1) and the transformation to in-
variant variables will be the momentum map associated as in
Remark 1.9.4 with the action of the symmetry group on the
phase space.

The orbits of the solutions in the space of axisymmetric in-
variant variables in ray optics lie on the intersections of level
sets of the Hamiltonian and the Casimir for the noncanonical
bracket. The Petzval invariant S? in (1.7.13) is the Casimir for
the Nambu bracket in R?, which for axisymmetric, translation-
invariant ray optics is also a Lie-Poisson bracket. In this case,
the ray paths are revealed when the Hamiltonian knife slices
through the level sets of the Petzval invariant. These level
sets are the layers of the hyperbolic onion shown in Figure 1.8.
When restricted to a level set of the Petzval invariant, the dy-
namics becomes symplectic.

The phases associated with reconstructing the solution from
the reduced space of invariant variables by going back to the
original space of canonical coordinates and momenta naturally
divide into their geometric and dynamic parts as in equation
(1.12.12). In ray optics as governed by Fermat’s principle, the
geometric phase is related to the area enclosed by a periodic
solution on a symplectic level set of the Petzval invariant S2.
This is no surprise, because the Poisson bracket on the level
set is determined from the Jacobian using that area element.

A Lagrangian may be singular; that is, it may be degenerate, as
occurs in the example of Fermat’s principle in anisotropic media
discussed in Section 1.13. This means the velocity cannot be
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solved from the momentum and its conjugate coordinate. Even
so, the dynamics resulting from the Lagrangian formulation of
the problem may still be well-defined, in the sense that the
solutions may still exist for the resulting ordinary differential
equations.





